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Abstract 

We consider the skew-product semiflow which is generated by a scalar reaction-diffusion 
equation 

Ut = Ua:x + fit, u, Ux), t > 0, X G = K/27rZ, 

where / is uniformly almost periodic in t. The structure of the minimal set M is thoroughly 
investigated under the assumption that the center space U'^(M) associated with M is no more 
than 2-dimensional. Such situation naturally occurs while, for instance, M is hyperbolic or 
uniquely ergodic. It is shown in this paper that M is a 1-cover of the hull Hif) provided that 
M is hyperbolic (equivalently, dimn'^(M) = 0). If dimU^(M) = 1 (resp. dimn'^(M) = 2 
with dimU“(M) being odd), then either M is an almost 1-cover of Hif) and topologically 
conjugate to a minimal flow in R x Hif); or M can be (resp. residually) embedded into an 
almost periodically (resp. almost automorphically) forced circle-flow x Hif). 

When fit, u, Ux) = fit, u, —Ux) (which includes the case / = fit, u)), it is proved that any 
minimal set M is an almost 1-cover of Hif). In particular, any hyperbolic minimal set M is 
a 1-cover of Hif). Furthermore, if dimU'^(M) = 1, then M is either a 1-cover of Hif) or is 
topologically conjugate to a minimal flow in R x Hif). For the general spatially-dependent 
nonlinearity / = fit,x,u,Ux), we show that any stable or linearly stable minimal invariant 
set M is residually embedded into R^ x Hif). 


1 Introduction 

In this paper we investigate the large time behavior of bounded solutions for the scalar reaction- 
diffusion equations on the circle 

Ut = Uxx + fit, X, u, Ux), t > 0, X = 'W^I‘1 'kTL, (it) 
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damental Research Funds for the Central Universities. 
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where / iMxMxMxM—>-Mis f{t, x + 27r, u, Ux) = f{t, x, u, Ux), and f{t, x, u,p) together 

with all its derivatives (up to order 3) are almost periodic in t uniformly for (x, u,p) in compact 
subsets. 

To carry out our study for the non-autonomous equation (1.1), we will embed it into a skew- 
product semiflow in the following way. The function / generates a family {/r|T G M} in the 
space of continuous functions C(M x 5^ x M x ]R,M) equipped with the compact open topology. 
Here fr{t,x,u,p) = f{t + T,x,u,p){T G M) denotes the time-translation of /. Let H{f), called 
the hull of /, be the closure of {/r|T G M} in the compact open topology. By the Ascoli-Arzela 
theorem, H{f) is a compact metric space and every g G H{f) is uniformly almost periodic and 
has the same regularity as /. The action of time-translation g ■ t = gt (g (z H{f)) defines a 
compact minimal flow on H{f) ( [23,28]). This means that H[f) is the only nonempty compact 
subset of itself that is invariant under the flow g ■ t. By introducing the hull H{f), equation 
(1.1) gives rise to a family of equations associated to each g G H{f), 

ut = Uxx + 9it,x,u,Ux), t>0, xGS^. (1.2) 

Let X be the fractional power space associated with the operator u —>■ —Uxx '■ 

L‘^{S^) such that the embedding relation X ‘—5- C'^(S'^) is satisfied. For any tt G X, (1.2) 

admits (locally) a unique solution ip{t,-]u,g) in X with ip{0,-,u,g) = tt(-). This solution also 

continuously depends on g G H{f) and u G X. Therefore, (1.2) defines a (local) skew product 
semiflow H* on X x H{f): 

-t), t>0. (1.3) 

Following from the work in [12] and the standard a priori estimates for parabolic equations, it is 
known that if (p{t, ■;u,g){u G X) is bounded in X in the existence interval of the solution, then 
u is a globally defined classical solution. In the terminology of the skew-product semiflow (1.3), 
the study of dynamics of (1.2) gives rise to the problem of understanding the w-limit set uj(u,g) 
of the bounded semi-orbit n*(u,g) in X x H{f). Note that, for any <5 > 0, {(^(t, ■]u,g) : t > 6} 
is relatively compact in X. As a consequence, uj{u,g) is a nonempty connected compact subset 
of X X H{f). It is further known that H* on the cj-limit set uj{u,g) has a unique continuous 
backward time extension (see, e.g. [11]). 

In the case where / is independent of t (i.e., the autonomous case) or, equivalently, if H{f) = 
{/}, Fiedler and Mallet-Paret [10] have shown the well-known Poincare-Bendixson type Theorem 
for system (1.1). It states that any w-limit set uj{u) is either a single periodic orbit or it 
consists of equilibria and connecting (homoclinic and heterclinic) orbits. In particular, if / does 
not depend on x (also called spatially-homogeneous), i.e., / = f{u,Ux), the solution semiflow 
commutes with the natural action of shifting x G S^. Due to such S'^-equivariance, Massatt [17] 
and Matano [19] showed independently that any periodic orbit is a rotating wave u = (p{x — ct) 
for some 27r-periodic function (j) and constant c; and hence, uj{u) is either itself a single rotating 
wave, or a set of equilibria differing only by phase shift in x. Recently, transversality of the stable 
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and unstable manifolds of hyperbolic equilibria and periodic orbits for autonomous system (1.2) 
has been established in [5,15]. Based on this, Joly and Raugel [16] have proved the generic 
Morse-Smale property for the system. 

In the case that / is time-periodic with period 1 (equivalently, H{f) is homeomorphic to 
the circle = M/Z), Chen and Matano [3] proved that for / = f{t,u) independent of x and 
Ux, the w-limit set u}{u) of any bounded solutions consists of a unique time-periodic orbit with 
period 1. If / = f{t,u,Ux) is independent of x, Fiedler and Sandstede [22] showed that the 
w-limit set uj{u) can be viewed as a subset of the two-dimensional torus x carrying a 
linear flow. However, one can not expect a simple asymptotic behavior of solutions for the 
general nonlinearity / = f{t,x,u,Ux)- As a matter of fact, Fiedler and Sandstede [22] have 
further pointed out that chaotic behavior exhibited by any time-periodic planar vector field can 
also be found in certain time-periodic equation with the nonlinearity / = f{t,x,u,Ux)- On the 
other hand, Terescak [29] proved that any w-limit set of the Poincare map generated by the 
time-periodic system with / = f{t,x,u,Ux) can be imbedded into a 2-dimensional plane. 

In the language of skew-product semiflows, Terescak’s result [29] implies that each w-limit 
set uj{u,g) (with g G H{f) ~ T^) of (1.3) can be imbedded into x H{f) (see Definition 2.3). 
In particular, in the spatially-homogeneous case that / = f{t,u,Ux) is time-periodic, the result 
by Fiedler and Sandstede [22] entails that each w-limit set Lj{u,g) can be imbedded into the 
periodically-forced circle flow x H{f). 

In nature, large quantities of systems evolve influenced by external effects which are roughly, 
but not exactly periodic, or under environmental forcing which exhibits different, noncommen- 
surate periods. As a consequence, models with such time dependence are characterized more 
appropriately by quasi-periodic or almost periodic equations or even by certain nonautonomous 
equations rather than by periodic ones. Consequently, time non-periodic equations have been 
attracting more attention recently. 

The current paper is devoted to the study of dynamics of time almost-periodic scalar parabolic 
equations with periodic boundary conditions. For separated boundary conditions, one can refer 
to a series of work by Shen and Yi [24-28]. Among others, they [24,26] have proved that any 
minimal invariant set M of the skew-product semiflow is an almost 1-1 cover of H{f); and hence, 
M is an almost automorphic minimal set. In particular, if M is hyperbolic, then M is a 1-1 
cover of H{f) (see [25]). As in [24-28], the zero number properties developed in [1,18] play 
important roles in their studies. With periodic boundary condition the zero number can still be 
applied. It does not yield the almost automorphy of the minimal sets in general, however. To 
the best of our knowledge, the structures of the minimal sets have been hardly studied for scalar 
parabolic equations, even for the spatially-homogeneous system / = f{t,u,Ux), with periodic 
boundary condition (see [8,30] for some partial related results). As a consequence, we will try 
to initiate our research on this aspect. 

We first consider the spatially-homogeneous case of / = f{t,u,Ux)- The structure of the 
minimal set M for (1.3) will be thoroughly investigated under the assumptions that the center 
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space V‘^{M) associated with M is no more than 2-dimensional. Such situation naturally occurs, 
for instance, while M is uniquely ergodic (see Theorem 3.2(1)) or M is hyperbolic. We denote 
by V^{M) the unstable space associated to M. Among others, we will prove 

• //dimW(M) = 2 with dimV'^{M) being odd, then either 

(i) M is an almost 1-eover of H[f) and topologieally conjugate to a minimal flow inM.x H{f); 
or 

(ii) M can he residually embedded into an almost automorphically forced circle-flow x H[f ) 

(see Theorem 3.1(1)). 

• //dimW(M) = 1, then either 

(i) M is an almost 1-cover of H{f) and the dynamics on M is topologically conjugate to a 
minimal flow inM x H[f); or 

(ii) M is normally hyperbolic and can be embedded into an almost periodically forced circle-flow 

X H{f) (see Theorem 3.1(2)). 

• //diml/'^(M) = 0 (equivalently, M is called hyperbolic), then M is a 1-cover of H{f) and the 
dynamics on M is topologically conjugate to an almost periodic minimal flow in M x H{f) (see 
Theorem 4-l(4))- 

• Any spatially homogeneous minimal set M is an almost 1-cover of H{f) and the dynamics on 
M is topologically conjugate to an almost automorphic minimal flow in M x H{f) (see Theorem 
4.1(1)). 

• If M is linearly stable, then M is spatially homogeneous and hence is an almost 1-cover of 
H{f) (see Theorem 4-1(2)). 

We also remark that, for / = f{t,u,Ux), if M is a spatially homogeneous minimal set or 
uniquely ergodic, then one may obtain the oddness of dimy“(M) (see Theorem 3.2). In general, 
it remains open whether dimy“(M) is odd provided that diml/“(M) 0. 

Comparing with the results in [25,27] for separated boundary conditions, one can still observe 
here the 1-cover property of the hyperbolic minimal sets; while for the case dlmV^{M) = 1, we 
obtained the new phenomena for periodic boundary conditions that M can be embedded into 
an almost periodically forced circle flow x H{f), which is a natural generalization of the 
rotating waves in [17,19] (autonomous cases) and the two-dimensional torus flow in [22] (time- 
periodic cases) to time almost-periodic systems. It also deserves to point out that an almost 
periodically forced circle flow could still be very complicated (See Huang and Yi [13] and the 
references therein). The new phenomena we discovered here reinforces the appearance of the 
almost periodically forced circle flow in the infinite-dimensional dynamical systems generated 
by certain evolutionary equations. 
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When f{t, u,p) = f{t, u, —p) in (1.1) (which includes the case / = f{t, u)), more information 
of the structure of a minimal set for (1.3) can be obtained. We will show, in this case, 

• Any minimal set M is an almost 1-cover of H{f). Moreover, M is a 1-cover of H{f) provided 
that M is hyperbolic or diml/'^(M) = 1 (see Theorem 4-^)- 

Thus, we have also generalized the convergence results in [3] from time-periodic systems to time 
almost-periodic systems. 

Finally, we will consider the general nonlinearity / = f{t,x,u,Ux)- We will show 

• Any linearly stable or stable minimal set M is residually embedded (see Definition 2.3) into 

X H{f). In particular, the tv-limit set of any uniformly stable bounded trajectory can be 
embedded into x H{f) (see Theorem 5.1). 

The above embedding property for the minimal sets partially extends the results of Fiedler and 
Mallet-Paret [10] (autonomous cases) and Terescak [29] (time-periodic cases) to time almost- 
periodic systems. 

The paper is organized as follows. In section 2, we agree on some notation, give relevant 
definitions and preliminary results, including the Floquet bundles theory and the invariant 
manifolds theory for skew-product semiflows, which will be important to our proofs. In Section 
3, we will investigate the skew-product semiflow (1.3) generated by (1.2) with / = f{t,u,Ux). 
The structure of the minimal set M is investigated under the assumption that dimF'^(M) = 1, 
or dimF^(M) = 2 with diml/“(M) being odd (Theorem 3.1). The new phenomena is found in 
this section that M can be embedded into an almost periodically forced circle flow x H{f). 
We also obtain in this section that the unique ergodicity of M implies that diml/'^(M) < 2. In 
Section 4, we focus on the (almost) 1-cover property of minimal sets for (1.2) with / = f{t, u, Ux). 
In particular, when / = f{t,u), any minimal set M is an almost 1-cover. In Section 5, we study 
the imbeding properties of linearly stable and stable minimal sets of (1.3) in the general case 
/ = f{t,X,U,Ux). 

2 Notations and preliminaries results 

In this section, we summarize some preliminary materials to be used in later sections. We start 
by summarizing some lifting properties of compact dynamical systems. Next, we give a brief 
review about almost periodic (automorphic) functions. We then present some basic properties 
of zero numbers of solutions for linear parabolic equations. Finally, we present some basic 
properties about Floquet bundles and invariant subspaces of linear parabolic equations on 
and some basic properties about invariant manifolds of nonlinear parabolic equations on S^. 

2.1 Lifting properties of compact dynamical systems 

Let y be a compact metric space with metric dy, and cr : T xM —)■ T, (y, t) i—)• y-t be a continuous 
flow on Y, denoted by (Y, a) or (Y, M). A subset 5 C T is invariant if c7t{S) = S for every t G M. 
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A subset S C Y is called minimal if it is compact, invariant and the only non-empty compact 
invariant subset of it is itself. Every compact and u-invariant set contains a minimal subset 
and a subset S is minimal if and only if every trajectory is dense. The continuous flow {Y, a) 
is called to be recurrent or minimal if Y is minimal. We say that the flow {Y, a) is distal when, 
for each pair yi,y 2 of different elements of Y, there is a (5 > 0 such that dy (yi ■ t,y 2 ■ t) > 6 for 
every t € M. 

If (Z, M) is another continuous flow, a flow homomorphism from {Z, M) to (T, a) is a continuous 
mapping p from Z to Y such that p{z ■ t) = p(z) ■ t for all z G Z and t G M. An onto 
flow homomorphism is called a flow epimorphism. Moreover, p is a flow epimorphism if (Y, a) 
is minimal. The following lemma is adopted from [28] and will play important roles in our 
forthcoming sections. 

Lemma 2.1. Let p : (^, K) —>• (T, M) be an epimorphism of flows, where Z,Y are compact 
metric spaces. Then the set 

= {uo £ Y\for any uq G P~^{yo), y &Y and any sequence {ti} C M with y ■ ^ 

2 / 0 , there is a sequence {ui\ G p~^{y) such that Ui ■ U ^ uq} 
is residual and invariant. In particular, if (.^, M) is minimal and distal, then Y' = Y. 

Proof. See [28, Lemma 1.2.16]. □ 

Hereafter, we always assume that Y is minimal and distal. 

Let X,Y be metric spaces and {Y,a) be a compact flow (called the base flow). Let also 
IR+ = {t G M : t > 0}. A skew-product semiflow : X xY —^-XxTisa semiflow of the 
following form 

^\u,y) = {Lp{t,u,y),y-t), t > 0, {u,y) e X x Y, (2.1) 

satisfying (i) H^ = Idx and (ii) the co-cycle property: ip{t -|- s,u,y) = ip{s,ip{t,u,y),y ■ t) for 
each {u,y) £ X X Y and s,t £ M'*'. A subset A C X xY is positively invariant if n*(A) C A for 
all t £ M+. The forward orbit of any {u,y) £ X x Y is defined by 0^{u,y) = {n*(ti,2/) : t >0}, 
and the u-limit set of {u,y) is defined by u){u,y) = {{u,y) £ X xY : lfl’^{u,y) {u,y){n —^ 
oo) for some sequence tn —>■ oo}. 

A flow extension of a skew-product semiflow H* is a continuous skew-product flow H* such 
that Il^{u,y) = lfl{u,y) for each {u,y) £ X x Y and t £ M^. A compact positively invariant 
subset is said to admit a flow extension if the semiflow restricted to it does. Actually, a compact 
positively invariant set K C X xY admits a flow extension if every point in K admits a unique 
backward orbit which remains inside the set K (see [28, part II]). A compact positively invariant 
set K C X X Y for H* is called minimal if it does not contain any other nonempty compact 
positively invariant set than itself. 

Let K G X X Y he a positively invariant set for H* which admits a flow extension. Let 
also p : X X Y ^ T be the natural projection. Then p is a flow homomorphism for the 
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flows (iir, M) and {Y,a). Moreover, K G X x Y is called an almost 1-cover (1-cover) of Y if 
cavd(p~^{y) n K) = 1 for at least one y GY (for any y gY). 

Now let ns recall some definitions concerning the stability of the trajectories of the semiflows. 

Definition 2.1. Let dx be the metric on X. 

(1) (Stability) A forward orbit O~^(uo, yo) of (2.1) is said to be stable if for every e > 0 and s > 0, 

there is a <5 = 5(e,s) > 0 such that, for every u G X, if dx(<p(s,uo,yo),ip(s,u,yo)) < 6 
then 

dxi<fit + s,uo,yo),(p{t + s,u,yo)) < e for each t > 0. 

A minimal set M is called stable if 0'''(u*,y*) is stable for any point (u*,y*) G M; 

(2) (Uniform stability) A forward orbit O~^(uo,yo) of (2.1) is said to be uniformly stable if for 

every e > 0 there is a d = 5(e) > 0, called the modulus of uniform stability, such that, for 
every u G A, if s > 0 and dx(<p(s,uo,yo),(p(s,u,yo)) < 6(e) then 

dx((p(t + s,uo,yo),p(t + s,u,yo)) < e for each t > 0. 

Remark 2.1. If 0^(u,y) is relatively compact and nniformly stable, then for every point 
(u^-,y*) G uj(u,y), 0~^(u^,y,f) is uniformly stable with the same modnlus of uniform stability as 
that of the 0^(u,y) (see [23,28]). 

We now assnme in additional that A is a Banach space. Assnme also that the cocycle ip in 
(2.1) is (0 < a < 1) for u G A, that is, ip is in u, and the derivative ipu is continuous 

in y G A, t > 0 and is C" in u; and moreover, for any v G X, 

ipu(t,u,y)v ^ V as t —)■ O'*', 

uniformly for (u, y) in compact subsets of A x A. Let A C A x A be a compact, positively 
invariant set which admits a flow extension. Define ^(t,u,y) = ipu(t,u,y) for (u,y) G K, t > 0. 
Then the operator generates a linear skew-product semifiow T on (A x A, M+) associated 
with (2.1) over A as follows: 

T(t,n, (u,y)) = (<^(t,u,y)v,U\u,y)), t > 0, (u,y) G K,v gX. (2.2) 

For each (u,y) G A, define the Lyapunov exponent X(u,y) = limsup ^ where || • || is 

t—>-oo 

the operator norm of <h(t, u, y). We call the nnmber Xk = snp(^ y)£;^A(u, y) the upper Lyapunov 
exponent on A. 

Definition 2.2. A is said to be linearly stable, if Xk < 0. 

Definition 2.3. Let Ai be another Banach space. A minimal subset A C A x A is said to be 
residually embedded into Ai x A, if there exist a residual invariant set A* C A and a flow 11* 
defined on some subset A C Ai x A* such that the flow is topologically conjugate 

to n* on A. Moreover, when A* = A, we call A is embedded into Ai x A. 
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2.2 Almost periodic and almost automorphic functions 

A function / € (^(M, M) is almost periodic if, for any e > 0, the set T(e) := {r : |/(t + r) — f{t)\ < 
e, Vt G ffi} is relatively dense in M. / is almost automorphic if for every C M there is a 
subsequence {tk} and a function s' : M ^ M such that /(t + tfc) —>■ g{t) and g{t — tk) —>■ /(t) point 
wise. Let D C R™ be a subset of R™. A continuous function / : R x D R; (t, re) i->- /(t, w), is 
said to be admissible if f{t,w) is bounded and uniformly continuous on R x A for any compact 
subset K C D. A function / G C'(RxD,R)(D C R"*) is uniformly almost periodic (automorphic) 
in t, if / is both admissible and almost periodic (automorphic) in t G R. 

Let f G CfR X D,M.){D C R”*) be admissible. Then H{f) = cl{/ • r : r G R} is called the 
hull of f, where f ■T{t, ■) = f{t + T, •) and the closure is taken under the compact open topology. 
Moreover, H{f) is compact and metrizable under the compact open topology (see [23,28]). The 
time translation g ■ t of g G H{f) induces a natural flow on H[f) (cf. [23]). 

Remark 2.2. If / is a uniformly almost periodic function in t, then H{f) is always minimal 
and distal. Moreover, every g G H{f) is uniformly almost periodic function (see, e.g. [28]). 

2.3 Zero number properties of linear parabolic equations on 5”^ 

As the zero number is a very important tool in our proofs, we provide in this section the definition 
of the zero number and list some related properties. 

Given a C^-smooth function u : 5^ —>■ R^, the zero number of u is defined as 


z{u{-)) = card{x G S'^|tt(x) = 0}. 


We now list some properties of the zero number (see, e.g. [1,18] or [22, Lemma 2.2]). 


Lemma 2.2. Consider the linear system 



(2.3) 


where the coefficients b, c are allowed to depend on t and x such that b, bt, bx,c G Let (p{t, x) 


be a nontrivial solution of (2.3). Then the following properties holds. 

(a) z{ip{t, •)) < oo, Vt > 0 and is non-increasing in t. 

(b) z{ip{t, •)) can drop only at to such that (/^(to) has a multiple zero in . 

(c) z{ip{t,-)) can drop only finite many times,and there exists a T > 0 such that ip{t,-) has 


only simple zeros in as t >T(hence z{(p{t)) = constant as t >T). 


Lemma 2.3. For any g G H{f), Let ip{t,-;u,g) and ip{t,-;u,g) be distinct solutions of {1.2) on 
R+. Then 


(a) z{(p{t,-]u,g) — ip{t, -^u, g)) < oo fort > 0 and is non-increasing in t; 


(b) z{ip{t, ■;u, g)) — ip{t,-]u,g))) strictly decreases at to such that the function ip{to-,-;u,g)) — 
ip{to, ■;u, g) has a multiple zero in ; 


(c) z{ip{t, ■;u, g)) — (p{t,-]u,g))) can drop only finite many times, and there exists a T > 0 such 
that 


z{ip{t, •; It, g)) — ip(t, •; u, g))) = constant 


for all t >T. 


Proof. Denote u{t, x) = ip{t, x; u, g) and u{t, x) = ip{t, x; u, g). Let v{t, x) = u{t, x) — u{t, x) is a 
nontrivial solution of the linear parabolic equation (2.3), where 



^(t, X, u{t, x), SUx{t, x) + (1 


s)ux{t,x))ds, 



du 


{t, X, su{t, x) + (1 


Then the results directly follows from Lemma 2.2. 


s)u{t, x),Ux{t, x))ds. 


□ 


Lemma 2.4. Fix g, go e H{f). Let {u\g) G P ^{g),{u\^,go) G P Hs'o)!* = 1, 2, ^ 

u^, Uq 7 ^ Uq) be such that Il^{u'',g) is defined on and n*(ttQ, 5 fo) is defined on M. If there 
exists a sequence tn +oo (resp. Sn —>■ —oo) as n ^ oo, such that n*"(tt®, 5 ) —>■ {uQ,go) (resp. 
n*"-(tt®, S') —>■ (uq, So )) as n ^ oo{i = 1, 2), then 


z{ip{t,--,ul,go) - (p{t,-]ul,go)) = constant. 


for all t G M. 

Proof. We only prove the case of tn —+oo. The case of —>■ —oo is similar. By virtue of Lemma 
2.3(c), there exists a T > 0 and integer Ni > 0 such that z{ip{t, , g) — ip{t,-]u^,g)) = Ni, 
for all t > T. Fix to G so that ip(to,-]UQ,go) — ip{to, -‘jUq, go) only has simple zeros. Note 
that with n*"(n*,s) {uQ,go){i = 1,2) and the continuity of z{-), one has z{ip{tn + to, -lu^jg) — 
p{tn + to, ■;u^,g)) = z{ip{to, ■;ul,go) - (pito, ■-,UQ,go)) for all n sufficiently large. Consequently, 
z{ip{to, -'jul, go) — ip{to, -iuq, go)) = Ni. By Lemma 2.3(b)-(c) and the arbitrariness of to, we 
have z{ip{t, ■; UQ,go) — p>{t, ■',u^,go)) = Ni for all t G K. □ 

2.4 Floquet bundles and invarsiant snbspaces for linear parabolic equations 
on 

Consider the following linear parabolic equation: 

fi’t = fi’xx + (i,{x, ui ■ t)fix + b{x, uj ■ t)fi, t > 0, X G 5^ = M/27rZ, (2.4) 

where cu G D, cu • t is a flow on a compact metric space Q, a,b : x Ll ^ is a continuous, 

and a^{t,x) = a{x,io ■ t), b‘^{t,x) = b{x,uj ■ t) are Holder continuous in t. 
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Throughout this subsection, X is as in the introduction, that is, X is the fractional power 
space associated with the operator u —Uxx ■ —>■ L‘^{S^) such that the embedding 

relation X ^ C^{S^) is satisfied. For any w G ip{t,x,w,u}) denotes the solution of (2.4) 

with ijj{0,x,w,uj) = w{x),x G S^. Then we have the following lemma. 

Lemma 2.5. (i) There is a sequence U {rco}, wo,Wn,Wn : x Q, ^ such 

that wo{-, to), Wn{- 1 (^) , Wn{- 1 (^) G for any 7 with 0 < 7 < 1, and ||u)o(-, w)||l 2(51) = 

\\wn{-,uj)\\L2{S^) = ||'u)n(-,a;)||i 2 ( 5 i) = 1 for any w G O. {«;„(•, w), u}„(-, U {u;o(-,a;)} 

forms a Floquet basis of L‘^{S^), z{wo{-,uj)) = 0 and z{wn{-,oj)) = 2n (z{wn{-,oj)) =2n) 
for all CO (z id. 

(ii) Let VFo(^) = span{t(;o(-, w)} and lT„(a;) = span{tc„(-, w), u;„(-, w)}, n = 1, 2, • • • . Then 

® Wi{io) = {tt) G ■',w,Lo) is exponentially bounded in L‘^{S^), 

i=ni 

and 2ni < ■',w,co)) < 2 n 2 for all t £ Ef} U {0} 

for any ni, n 2 with ni < n 2 . 

(hi) Suppose w = CqWo{x,(o) + Tjff^^{c'^Wnix,uj) + c^Wn{x,uj)). Then 

Ip{t,x,w,uj) = co{t)wo{x,u} ■ t) + S^i(c„(t)u;„(x,a; • t) + Cn{t)wn{x,io ■ t)), (2.5) 

where co(t), Cn{t), Cn{t) are functions with co(0) = Cq, Cn(0) = 5^(0) = c°. 

(iv) Define A(-) : D —> L{L‘^{S^),l‘^) by A{(o)wo = {cq} U {c° , where wq = CQrao(x,w) + 

T.ff^^{c^Wnix,Uj) + C^Wn(x,Lo)}. Then A{u; ■ t)'llj{t,X,Wo,Uj) = {co(t)} U {Cn(t), C„(t)}^p 
Moreover, A is continuous, A{ui) is an isomorphism for each co £ D, and there are positive 
constants Ki, K 2 which are independent of co such that 

||A(a;)|| < iiTi and ||A“^(a;)|| < Ar 2 . 


(v) (Exponential Separation) Let Z^{u) = 0i=o^*(^) ~ There 

are constants K > 0, fj, > 0 such that ifipit, •; uq, w) G (w-t) and ipft, ■;wo,(o) £ Zff{uj-t) 
are nontrivial solutions for (2.4), then 


||V;(t,-;wo,ca)|| -^t lkoll 
mt,-,vo,co)\\ - iiuoir 


for all t > 0,Wo £ Zj^ (cu), uq G Z^(co). 


Proof. See [8, Section 9]. 


□ 


Now we recall the conception of exponential dichotomy (ED) and Sacker-Sell spectrum. 

Let 4/(^0;) : A" —>■ Ai be the evolution operator generated by (2.4), that is, the evolution 
operator of the following equation: 


v' = A(w • t)v, t > 0, CO £ il, V £ X, 


( 2 . 6 ) 
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where A{ijj)v = Vxx + cl{x^ijj)vx + b{x,uj)v, and w • t is as in (2.4). 

Let A G M and define 11^ :Xxr2^Xxf2by 

nl(v,a;) = (4'A(t,w)^;,w • t), (2.7) 

where 'I'A(t,w) = e“'''*'I'(t, w). It is easy to verify that II^ is also a linear skew-product semiflow 
on X X n. We say 'La admits an exponential dichotomy over Q if there exist iL > 0, a > 0 and 
continuous projections P{uj) : X ^ X such that for all u; G 12, 'kA(t, w)|ij(p(tj)) : R{P{uj)) —>■ 
R{P{uj ■ t)) is an isomorphism satisfying 'I'A(t, w)7’(w) = P{uj ■ t)'^\{t,u}), t G M'*’; moreover, 

||'I/A(t,u;)(/-P(u;))|| <iLe-“*, t > 0, 

||4'a(L^)-P(w)|| < iLe"*, t < 0. 

Here R{P{u})) is the range of P{oj)- We call 

17(12) = {A G M : Ha has no exponential dichotomy over 12} 


the Sacker-Sell spectrum of (2.4) or (2.6). If 12 is compact and connected, then the Sacker-Sell 
spectrum (t( 12) = U^g/fc, where R = [ak,bk] and {R} is ordered from right to left, that is, 
■■■ < cLk <bk < Uk-i < bk-i < ■■■ < ao < bo (see [6,20,21]). 

For any given 0 < ni < n 2 < oo, if n 2 7^ oo, let 


yni,n 2 ^^^ = R £ X : ||'I'(2,ti;)u|| = o(e“ *) as 2 ^ —oo 

||'I'(2, w)u|| = o(e^^*) as 2 —7> oo} 


where a , 6+ are such that Ai < a < 0^,2 < < 6"'' < A 2 for any Ai G and 

A 2 G U^io^Lfc. If n 2 = 00 , let 

= {veX: 11^(2,a;)u|| = o(e^^‘)as 2 ^ 00 } 

where 6+ is such that b^ < b~^ < X for any A G U'j^lR^R. is called the invariant 

subspace of (2.4) or (2.6) associated with the spectrum set at cu G 12. 

Suppose that 0 G it( 12) and no is such that 0 G R^ C (t( 12). Then V^{oj) = I/"'0+^’°°(w), 
V^Ruj) = V%uj) = W“(w) = and V^{io) = ^^’^^-^(a;) are 

referred to as stable, center stable, center, center unstable, and unstable subspaces of (2.4) at 
u; G 12, respectively. 

Suppsoe that 0 0 (7(12) and no is such that R^ C (0, 00 ) and R^+i C (— oo,0). V^(uj) = 
yno+ 1 , 00 ^^^ and 17“(a;) = V^’^°(uj) are referred to as stable and unstable subspaces of (2.4) at 
Lj € XI, respectively. 

The following lemma follows from Lemma 2.5 directly. 


Lemma 2.6. For given 0 < ni < n 2 < 00 , we have Ni < z{v{-)) < N 2 for any v G 
where 


Ni 


dimH°’“i-\ i/dimH°’“i-i is even; 

dimy 0 ,ni-i ^ i/dimI7°’“i-^ is odd. 
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and 


N2 


if is even; 

dimy°’’"2 - 1 , if is odd. 


2.5 Invariant manifolds of nonlinear parabolic eqnations on 

Consider 

v' = A{ljJ ■ t)v + F{v,uj ■ t), t>0, uj£ id, v€X (2-8) 

where uj ■ t and A{u} ■ t) are as in (2.6), F{-,u}) G C^{X, Xq), F{v,-) G C^{Q,Xq) {v G X), 
F^{t,v) = F{v,uj ■ t) is Holder continuous in t, and F{v,y) = o(||?;||) (Xq = L‘^{S^)), here X 
is as in the previous subsection. It is well-known that the solution operator of (2.8) 

exists in the usual sense, that is, for any v £ X, <I>o(u, w) = v, <ht(u,a;) G V{A{uj ■ t)); <I>i(u, w) is 
differentiable in t with respect to Xq norm and satishes (2.8) for t > 0. 

Suppose that cr(H) = U^q/^ is the spectrum of (2.6). The following lemma can be proved 
by using arguments as in [7,9,12] 

Lemma 2.7. There is a 5 q > d such that for any 0 < 6* < 6o and 0 < ni < n 2 < oo, (2.8) 
admits for each oj £il a local invariant manifold with the following properties. 

(i) There are Kq > 0, and bounded continuous function h^^’^^{uj) : —>■ 

l/0>»^i-i((^)) being for eachfixeduj G and = o(||u||), /dv){v,Lo)\\ < 

Kq for all io £ Q, V £ such that 

+ £V^^’^^iu;)n{v £ X : ||u|| <5*}}. 

Moreover, (ca, 5*) are diffeomorphic to V^^’"‘^{oj)ri{v £ -^|||r|| < 5*}, andW’^^’"'^(LV,d*) 

are tangent to at 0 £ X for each co £ il. 

(ii) (i*) is locally invariant in the sense that for any v £ there is a 

r > 0 such that <l>t(u,a;) G ■ t,6*) for any t £R with 0 < t < t. 

Remark 2.3. (1) The existence of 5o in the above lemma which is independent of ni and n 2 is 
due to the increasing of the gaps between the spectrum intervals In and In+i as increases. 

(2) Note that, as usual, is constructed in terms of appropriate rate conditions 

for the solutions of (2.8) by replacing T by a cutoff function F. It then follows that for any 
ni < n 2 < uq < oo and oj £ il, C d*}, and for any u £ 

there are Un £ d*) (rai < n < oo) such that —)■ u as n —)■ oo. 

(3) For any 0 < rai < 712 < oo and w G H, there are r > 0 and 0 < df < do, such that 
^i(W^i’'^^(cv,d^),uj) C lT”i’^2(a; • t,d*) for any t with jtj < r. 

IfO G Ino = Kernel C ct(Q). ThenW^(u;,d*) = d*), d*) = d*), 

W^(u;,d*) = W'^0’^‘>(uj,d*), W^^(u;,d*) = d*), and lF“(a;,<5*) = d*) are re¬ 

ferred to as local stable, center stable, center, center unstable, and unstable manifolds of (2.8) 
at a; G H, respectively. 
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Remark 2.4. (1) W^{co,6*) and Vk“(a;,(5*) are overflowing invariant in the sense that if <5* is 
sufficiently small, then 

cW%u:-t,5*), 

for t sufficiently positive, and 

for t sufficiently negative. Moreover, one can find constants a, (7 > 0, such that for any wen, 

||$t(u",t<;)|| < Ce-t*||u"|| fort>0, 

< Cef‘||u“|| fort<0. 

(2) By the invariant foliation theory [7,9], one has that for any a; G hi, 

Vh“(a;,r) = 

where Ws{uc,u}, 6*) is the so-called stable leafoi (2.8) at Uc, and it is invariant in the sense that 
if T > 0 is such that $t(wc,w) G W‘^{uj and <ht(u,w) G for all 0 < t < r, where 

u G Ws{uc,u],5*), then d>t(u,a;) C Ws{^t{uc,u:),u} ■ t,6*) for 0 < t < r. Moreover, there are 
K,/3 > 0 such that for any u G Ws{uc,uj,6*) {uc ^ 0) and r > 0 with ^t{u,u}) G W‘^^{co -1,6*), 
<f>t(ttc,ca) G W^{uj ■ t,6*) for 0 < t < T, one has that 

||4»f(u,a;) - ^t{uc,uj)\\ ^ j^^-0t \W - '^cW 
||4>t('Uc,a;)|| “ ll'Ucll 

and 

||4>i(ri,a;) - 4>t(uc,a;)|| < Ke~^^\\u - Uc\\ 

for 0 < t < r. 

3 Almost Automorphically and Almost Periodically Forced Cir¬ 
cle Flows 

In this section, we consider the structure of minimal sets of (1.2) in the case that / = f{t, u, Ux)- 
Note that (1.2) generates a (local) skew-product semiflow 11* on X x H{f): 

^\uo,g) = {g^{t,-;uo,g),g -t), (3.1) 

where X is also defined as in introduction and ip{t, ■■,uo,g) is the solution of (1.2) with </?(0, ■,uo,g) 
uo{-), and g ■ t denotes the flow on H{f). 

Let Q C XxH (/) be a compact and connected invariant set of (3.1). For any uo = (uq, g) G fl, 
denote uj-t = n*(uo, g)- Let v = ip{t, •; tt, g) — ip{t, •; uq, 5 ). Then v satisfies the following equation: 

vt = Vxx + o,{x, io ■ t)vx + b{x, io ■ t)v + F{v, uj ■ t), t > 0, X ^ = M/27rZ, (3.2) 
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where F{y, uj ■ t) = g{t, v + uo,Vx + uqx) — g{t, uo,uox) — cl(x, u ■ t) — b{x, u ■ t)v, a{x, uj ■ t) = 
gp{t,UQ,UQx), b{x,oj ■ t) = gu(t,uo,uox). 

Denote A{uj) = + a(-,a;)^ + b{-,uj). Then (1.2) can be rewritten as 

v' = A{u} ■ t)v + F{v^ UJ ■ t). (3.3) 

Suppose that (t(D) = U^q/a; {Ik is ordered from right to left) is the Sacker-Sell spectrum of the 
linear equation associated with (3.3): 

v' = A{uj ■ t)v, t > 0, u; G n, u G X. (3.4) 

For any given 0 < ni < n 2 < oo, let V^^’'^^{uj) be the invariant subspace of (3.4) associated with 
the spectrum set at w G D. If 0 G (t(D), let y^(w), ^“(a;), V‘^{uj), V‘^'^{uj), and V'^{uj) 

be the stable, center stable, center, center unstable, and unstable subspaces of (3.4) at cu G D, 
respectively. 

For given u € X, we define 

Su = {n(' + o) I a G S"^}. 

The main results of this section are stated in the following theorems. 

Theorem 3.1. Let M G X x H{f) be a spatially inhomogeneous minimal set of (3.1). 

(1) //dimy^(a;) = 2 with dim’F“(a;) being odd, then there is a residual invariant set Yq C H{f) 
and an L ^ (0, 27r], such that for any g G Yq, there exists Ug G X (whose minimal period is 
L) satisfying p~^{g) n M C (Eug,g). Moreover, there are two functions : M —>■ S^]t i-)- 
c^{t) and G : M X 5^ ^ <S^; {t, •) G{t, •) such that 

(p{t,x,Ug,g) = Ug{x + (f>{t)), 

c^{t) = G{t,c\t)), 

where = M/LZ and G{t, •) is almost automorphic in t. 

(2) If di\mV'^{Lij) = 1, To = H{f) in (1) and G{t, •) is almost periodic in t. 

Theorem 3.2. Let M G X x II{f) be a minimal set of (3.1). 

(1) If M is unique ergodic, then diml/^(a;) < 2. Moreover, if d\ray^{oj) = 2, then diml/“(a;) 
must be odd. 

(2) If M is spatially homogeneous, then either <AimV^{uj) = 0 or <l\mV^{oj) is odd. 

Remark 3.1. Theorem 3.1 implies that, under certain circumstances, any spatially inhomoge¬ 
neous minimal set M can be residually embedded into an almost automorphic forced circle-flow 
X II{f). In particular, if M is normally hyperbolic (i.e., dmiV‘^{uj) = 1), M can be totally 
embedded into an almost periodically forced circle-flow. Thus we have generalized the results 
of Fiedler and Sandstede [22] to time almost-periodic systems. However, for almost periodically 
forced circle flow, it is already known that such flow can still be very complicated (See [13] and 
the references therein). 
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To prove the above theorem, we need to present some lemmas. 

For given 0 < ni < n 2 < oo and u = {uQ,g) G n, by Lemma 2.7, there is a well-defined local 
invariant manifold of (3.3). Let 

= {ue X\u - uo G 5*)}. (3.5) 

is referred to as a local invariant manifold of (3.1) at {uo,g). 

Suppose that 0 G <7(11) and no is such that Ino = [onoj^no] C a{Q,) with Ong < 0 < bng- For 
given u! = {uo,g) ^ Q, 6* > 0 , let 

M^{u,6*) =M”o+^’°°(a;,<5*) 

M“(a;,r) =M^°'°°{u},6*) 

M“(a;,<5*) =M^’^o{uj,S*) 

Then M^{ijj, 5*), 5*), 6*), M'^“(a;, S*), and S*) are continuous in a; G 0 and 

referred to as local stable, center stable, center, center unstable, and unstable manifolds of (3.1) 
at a; = {uo,g) G Cl, respectively. 

Remark 3.2. By Remark 2.4(2), for any uj = {uo,g) G 11, one has 

M“(a;,r) = 

where Ms{uc,u}, 5*) = {u G X\u — no G W^(uc — no,w,(5*)} and Ma{uQ,ijj,5*) = XP{io,5*). 
Moreover, there are K, ft > 0 such that for any u* G Ms{uc, 0 J,d*), Uc 7 ^ no, and r > 0 with 
Lp{t, ■■,u*,g) G ■ t, 6*), Lp{t, -^Uc, g) G M^{uj ■ t, 5*) for any 0 < t < r, one has that 

\\‘P{t,-;u*,g) - ip{t,-;uc,g)\\ ^ ~ 

\Mt,-',Uc,g) - ip{t,-;uo,g)\\ ~ ll'^^c-woll 

and 

\\^{t,-',u*,g) - ip{t,--,Uc,g)\\ < Ke~f^^\\u* - Uc\\ 

for 0 < t < r. 

Lemma 3.3. Let 6* > 0 as in Lemma 2.1. Then for any 6 G (0, (5*), there exists some 6cs G (0, <5) 
such that, for any u = (no, 5 ) gCI, Uc G M'^{uj,6cs) \ {^^o} ciiT-d u* G Ms{uc,u}, 6cs) \ {wo}; the 
following statements hold: 

(i) Let T > 0 be any number such that ip{t, ■; Uc, g) G M^{uj ■t,6)\ {(p{t, •; uo,g)} for 0 <t < t. 
Then ip{t, •; u*,g) G ■ t, 6*) for 0 <t < t. 


(3.6) 

(3.7) 
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(ii) Let T > 0 be any number such that ip{t, •; Uc, g) € ■t,S)\ {g^{t, •; uo,g)} for 0 < t < t, 

but ip{T, -^Uc, g) ^ M^{uj ■t,5)\ {y?(r, •; Mo, 5 )}. Then for any e > 0, one may take such 
5cs > 0 smaller so that 

\\T{T-,-]u*,g) - ip{T,-,Uc,g)\\ , . 

\\T{T,-',Uc,g) - ~ 


(iii) If ip{t,-;uc,g) e ^^{uj ■t,6)\{ip{t,-]Uo,g)} for any t > 0, then 

\\T{t,-;u*,g) - (p{t,-;uc,g)\\ ^ ^ 
\\T{t,-',Uc,9) - T{t,-;uo,9)\\ ~ 


(3.9) 


for all t > 0 sufficiently large. 


Proof. The statement in this lemma can also be found in [27, p.313]. For the sake of complete¬ 
ness, we give a detailed proof below. 

(i) Suppose on the contrary that there exist sequences 6n —>■ 0, Wn = {un,gn) € Ll, u'^ ^ 
bn), u*n € Ms{uf,ujn, bn) \ {u"} and Tn> 0 Satisfying that 


ip{t,-]u'f,gn) G M^{ujn ■t,b) for 0 < t < r„. 


(3.10) 


while one can find some tn G [0, t„) such that 

ip{t, ■■,U*n,gn) G ' t,6*) for t G [0,tn), but ip{tn, ■■,U*n,gn) ^ M‘'%UJn ' tn,b*). (3.11) 

Recall that bn —>■ 0. Then ||m) 1 —Mn|| —>■ 0 and ||m* — m)1|| ^ 0 as n —>■ oo. If {tn} is bounded, then 
\\g:>{t,-]Un,gn) - (p{t,-;un,gn)\\ 0 uniformly for t G [0,tn]. This entails that ||(/?(t„,-;M*,fi(„)- 

ip{tn, -^Un, gn)\\ < b* for all n sufficiently large. So, the local invariance of M‘^^{u},b*) implies 
that (p(tn, •; Un,gn) G M^^{ujn ■ tn, b*), a contradiction to the second statement of (3.11). 

If {tn} is unbounded, then it follows from (3.10) and the hrst statement of (3.11) that 
(p{t,--,Un,gn) G Ms{g^{t,--,u'f,gn),uJn ■t,b*), for t G [0,tn). So, by (3.7), there exist K > 0,/3 >0 
such that \\(f{t,--,Un,gn) — (p{t, , gn)\\ < Ke~t^*\\Un — vlfW for 0 < t < tn. Consequently, 

\\Lp{tn,--,u*n,gn) - L>{tn,-',K,gn)\\ < forn Sufficiently large. Thus, 

||7^(in, S '^ni 9n) ~ pifn, ' j Un, ffn) || 

— ■ j Un, gn) ~ pifn, '','^c ■> 9n)\\ + ||7^(^n, S J 5n) “ pifn, ' j Un, 9n) || 

^ 

< — - -h 5 < d*, for n sufficiently large. 

(Here, ||(/?(t„, •; m”, gf^) — (/?(t„, •; gn)|| < 5 is due to (3.10).) By the local invariance of 

{tjj ., 5*) again, we obtain ^p{tn,-',Un,gn) G M'^^{ujn ■ tn,b*) for n sufficiently large, a con¬ 
tradiction to the second statement of (3.11). Thus, we have proved (i). 

(ii) By virtue of (i), one has ip{t, ■;u*,g) G ■ t, b*) for 0 < t < r. It then follows from 

Remark 3.2 that (3.7) holds for 0 < t < r. As a consequence, we have 

\\Tir,--,u*,g) - ip{T,--,Uc,g)\\ ^ Ke-f^'^bcs ^ Kb^s 
\\T{T,--,Uc,g) -‘f{T,--,UQ,g)\\ ~ b ~ b ' 
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So, for any e > 0, one can choose 5cs smaller so that (3.8) holds. 

(hi) Again, by (i), one has ip{t, ■•,u*,g) € ■t,d*) for all t > 0. So, (3.6) in Remark 3.2 

implies that (3.9) holds for any t sufficiently large. Thus, we have completed the proof of this 
lemma. □ 


Lemma 3.4. Let 6o he as in Lemma 2.1 and suffieiently small. For any given 0 < ni < n 2 < oo, 
let N\ and N 2 he as in Lemma 2.6. Then the following holds. 


(i) If 77-2 < 00 , then there is a 0 < < *^0 such that Ni < z{u{-) — uo{-)) < N 2 for any 

u€ (uj = {uo,g) gLI). 

(ii) If ni >0 is such that In^ C = {A € M|A < 0}, then for any 6* G (0, 60 ), ni < n 2 < 00 , 

and u G \ {no} = (y^o^s) £ Alj, one has z{u{-) — uo{-)) > Ni. 


(hi) Let ni > 0 he such that 0 G 1 ^- //dim(cj) = 1, or dim(w) = 2 with 
diml/“(a;) being odd, then there is a 5*^ G (0, ho) such that z(u{-) — uo{-)) > Ni, for any 
u G M”i’°°(a;,h;^^^) \ {no} (w = (no,5) S H). 


Proof, (i) Suppose that there are some 0 < ni < n 2 < 00 , some sequences 6n —>■ 0, = (n^, Vn) 

and Un G lT"l’"2(a;„, hn) \ {Un} such that z{Un{-) — Un(-)) < Ni or z{Un{-) — Un{-)) > N 2 . Let 
Vn{-) = . Since Un — Un G W^^’^^{ujn,dn) and 772 < 00 , it follows from Lemma 2.7 

that Un — Un = Vn^’"'^ + , LOn), where G \ {0} with ||nn^’”'^|| < 6n 

and \\h^^’^^{v,ujn)\\ = o(||n||). So, one has 




(3.12) 


Note that 772 < 00 and Q is compact. We may assume without loss of generality that .f" 1 , 112 .. —>• 

W'^n II 

V* and ujn = {un,9n) -^ 00 * = {u*,g*) as 77 — >■ 00 . Then by (3.12), Vn ^ v* G 
Moreover, for |t| <C 1, by Remark 2.3(3), 


v(t,Vn^ ) + fe"l ’”2 iv(t,v"^ 

ip{t,-]Un,gn) - T{t,--,Un,gn) _ \\v(t,v'P’"^)\\ \\v[t,V.. 


ni,n2\ 

n 


\Un. Ur. 


-IU"0"2||- 




v{t, V* 
\v{t, V* 


|n(t,7;*)|| = v(t,v*), 


as n ^ 00 , where v{t, v*) is the solution of (3.4), with iw replaced by w*, such that n(0, v*) = v*. 
By Lemma 2.6, Ni < z{y{t,v*)) < N 2 for |t| sufficiently small. Let t 2 < 0 < ti and |ti|, |t 2 | so 
small that v{ti,v*), v{t 2 ,v*) have only simple zeros. Then z{ip{ti, -^Un, gn) — T{tir\Un-,gn)) = 
z{v{ti,v*)) > Ni and z{ip{t 2 ,-]Un,gn) — T{t 2 , -‘jUn, gn)) < A ^2 for 77 Sufficiently large. Thus, by 
Lemma 2.3(a), we obtain Ni < z{un{-) — Un{')) < A^ 2 , a contradiction to the definition of Un{-) 
and Un{-). 
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(ii) We first prove that (ii) is true for any n 2 < oo. In fact, when 6o is snfficiently small, 
Remark 2.4(1) implies that, for any ni < n 2 < oo, 0 < S* < 6o and u* G \ {no}) 

one has ip{t, ■;u*, g) G for t sufficiently positive, where ^ni,n 2 

is defined in (i). Then, by (i), we obtain that z{(p{t, •; u*,g) — ip{t, •; uo,g)) > Ni for t snfficiently 
positive. It then follows from Lemma 2.3 (a) that z{u*{-) — uo{-)) > Ni. 

We next consider the case n 2 = oo. Let u* G \ {no}- By Remark 2.3 (2), 

there are Un G <5*) \ {no} (ni < n < oo) snch that Un ^ u* as n ^ oo. Choose a 

to > 0 so small that -^u*,y) — if{to,-]Uo,g) has only simple zeros. Then z{ip{tQ,--,u*,g) — 

if{tQ,-]Uo,g)) = z((/9(to, •; n*, S') — ip{tQ,-;uQ,g)) > Ni for n snfficiently large. This implies that 
z{u*{-) - no(-)) > Ni. 

(hi) If dimR"'i’"'i(t<;) = 1, or (io) = 2 with being odd, then Lemma 2.6 

implies that z{w{-)) = Ni for any w G R^i’”i(ti;) \ {0}. 

Since dim (w) < oo and Q is compact, one can find he > 0 such that 

z{w{-,uj)) = z{ +^(-)) = ^1 (3-13) 

for any w{-,uj) G I/"'i’”i(a;) \ {0}, n G X with ||n|| < he and a; G 12. 

Choose any h* > 0 be defined in Lemma 2.7, so that 


n — no = 




,UJ) 


(3.14) 


for any n G \ {no}, where G I/"'i’”i(a;) \ {0} and 




2 ’ 


for all I In 


Til ,721 I 


< S* 


(3.15) 


Now note that = M“(a;,h*) and = M^{uj,6*). By Remark 3.2, 

one has = U„^gMRt,;, 5 *)^s(nc, w, h*). Moreover, fix any 6 G (0,(5*^ C (0,h*), it 

follows from Lemma 3.3 that there is some 6cs G (0, 6) snch that for any u G 12,nc G hes) \ 

{no} and u* G Ms{uc,uj,6cs) \ {no}, the following statement (a)-(c) hold: 

(a) If r > 0 is snch that (p{t,--,Uc,g) G M^{uj ■t,6)\ {(/?(2, •; no, 5 )} for 0 < 2 < r, then 
(p{t, - ^u*,g) G M"'i’°°(a; ■ t,6*) for 0 < 2 < r. 

(b) If r > 0 is such that tp{t,-\Uc,g) G M^{u} ■t,6)\ {(/j( 2, •;no, 5 )} for 0 < 2 < r and 
V’i'T,-^Uc, g) i M^{uj ■t,6)\ {ip{T, •; no. S')} then 


\W{T,-\y*,g) - if{T,--,Uc,g)\\ ^ ^ 
\W{T,-]Uc,g) - ‘{i{T,-;uo,g)\\ ~ 2 

(c) If for any 2 > 0, i.p{t, ■■,Uc,g) G M^(a; • 2,h) \ {(/?(2, •;no,5')}) then 

,g) - (p{t,--,Uc,g)\\ ^ ^ 
\\ip{t,--,Uc,g) - ^p{t,-;uo,g)\\ ~ 2 

for 2 > 0 snfficiently large. Hereafter, we write 5cs as 5* 


(3.16) 


(3.17) 
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Now let u* G (5*^ \ {uq}. If u* G \ {uq}, then by (ii) of this 

lemma, we have z{u*{-) — uo{-)) > Ni + 2 > Ni. If n* G \ 

then by Remark 3.2, there is a itc S 5*^ oo)\{no} such that tt* G Ms{uc,uj,S^^ ,^)\{uo}. 

Therefore, for any t > 0, whenever ■]Uc, g) G (a; ■t,6)\ ■■,uo,g)}, it follows from 

(3.14) that 


^{t,-;u\g) - ip{t,-]Uo,g) 

= g^{t,-',Uc,g) - g^{t,-;uo,g) + ^{t, ■;u*,g) - ip{t,-;uc,g) 


= -t) + ^p{t, ■;u*,g) - ip(t,-;Uc,g) 




■;w,uj),uj ■ t) ip{t,-;u*,g) - (pjt, ■■,Uc, g) 


where ■■,w,io) = c{t)wk{-,uj ■ t) + c{t)wk{-,uj ■ t), for some k, with c(t), c{t) being scalar 
continuous functions. By (3.15) and (3.16)-(3.17), 


\\h^^’^^{ip{T,-;w,uj),uj ■t)\\ \\ip{T,-;u*,g) - (p{r,-;u, 


T,-;w,uj) 


+ 




< Sr. 


for some r > 0. Hence, (3.13) directly yields that 


z{ip{T,-]u*,g) - ip{T,-]Uo,g)) = Ni 


which implies that z{u*{-) — uo{-)) > Ni. Thus, we have proved (hi). 
Corollary 3.5. Let uj = {uo,g) G H and 

I dimR“(a;), i/dimR“(a;) is even, 


□ 


Nu = 


y dimR“(a;) + 1, i/dimR“(ti;) is odd. 

Suppose that dimR“(w) > 1 and 0 < diml/'^(w) < 2. Then for 5* > 0 small enough, one has 

(1) If diml/'^(w) = 0 and diml/“(w) is odd, then 

z{u{-) - uo{-)) > Nu for u G M^{uj, 6*) \ {uq}, 
z{u{-) - Uo{-)) < Nu-2 foruG M^{uj, h*) \ {uq}- 


(2) If dimR'^(a;) = 0 and dimR“(u;) is even, then 

z{u(-) - uo{-)) > Nu for u G 6*) \ {uq}, 

z{u{-) - uo{-)) < Nu for u G M“(w, h*) \ {uq}. 


(3) If diml/'^(w) = 1, then 

z{u{-) - uo{-)) > Nu for u G 5*) \ {uq}, 

z{u{-) - uo{-)) = Nu for u G M''(w, 5*) \ {uq}, 
z{u{-) - tto(-)) < Nu for u G M“(cj, <5*) \ {uq}. 
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(4) If dimy'^(w) = 2 and dimT4“(a;) is odd, then 

z{u{-) - uo{-)) > Nu for u G M“(a;, 5 *) \ {ito}, 
z{u{-) - uo(-)) = Nu for u G 5*) \ {uq}, 

z{u{-) - ito(-)) < Nu for u G M“(cj, < 5 *) \ {-uo}. 

Proof. It directly follows from Lemma 3.4. □ 

Lemma 3.6. Suppose that 0 G cj(n). Then for any {ui,g), {u 2 ,g) G II with ||rti — rt 2 || "C 1, one 
hasV^{ui,g)®V^'^{u 2 ,g) =X, andV'^^{ui,g)®V^{u 2 ,g) =X. Consequently, (rti + 14*(ui, (7))n 
{u 2 + F“(tt 2 ,fif)) 7^ 0; and {ui + V''^{ui,g)) fl (tt 2 + V^{u 2 ,g)) ^ 0. 

Proof. We only prove that V^{ui, g)(BV‘^'^{u2, g) = X and (tti+14^(ui, (7))n(u2+W“(tt2, 5 )) / 0. 
Let P{ui) be projections of (3.4) satisfying: V^{ui) = {I — P{ui))X and = P{oj)X. Then 

P : fl — )■ L{X,X) is continuous. We claim that for any distinct points {ui,g), {u2,g) G H with 
||ui — U2\\ sufficiently small, one has V^{ui,g) D W“(tt 2 ,ff) = { 0 }. 

To prove the claim, we assume that for any n G N \ {0}, there exist {uin,gn)-, iu2n,gn) G H 
satished — U2n\\ < ^ and Vn G V‘^{uin,g) n V'^^{u2n, d) with ||un|| = 1. Since is compact, 
one can assume that {uin,gn) {'a*,g*) and {u2n,9n) {'a*,g*) as n —)> 00 . The fact that 

dimW“(a;) is finite, entails that Un —v* G V^'^{u*,g*) \ {0}. While on the other hand, the 
continuity of P{oj) with oj implies that I — P{oj) is also continuous with respect to oj. So, 
Vn = {I - P{u2n, gn))vn {I - P{u*,g*))v* as rn> oo, that is V* G V{u*,g*) n V^^{u*,g*), a 
contradiction. Thus, we have proved our claim. 

Since diva.V^'^{ui, g) = dimW“(u2,5) < 00 , V^{ui,g) © V'^'^{ui,g) = X, one has that 
V‘^{ui,g)®V^'^{u2,g) = X. Thus, there is a unique G V‘^{ui,g) and a unique G V‘^^{u2,g) 
such that Ui — U2 = — uf, that is ui+u\ = U2 + u‘^. So, (rti + I 4 ^(ui, (7)) D (u2 + W“(tt2,5)) 7^ 

0 . □ 

Lemma 3.7. Suppose that 0 G iT(fl). Then for any {ui,y), {u2,y) G 11 with ||ui — ri 2 || ^ 1? one 
has that M^{ui,g,6*)nM^^{u2,g,6*) / 0 , and M'^^{ui,g,6*) n M'^{u2,g,6*) / 0 . 

Proof. We only prove that M^{ui,g,6*) n M^'^{u2,g,6*) / 0, for ||rii — U2\\ ^ 1. By Lemma 
2.7 and (3.5), for any uj = {uo,g) G H, there are functions N{-,ui) : V^{co) —>■ W“(a;), 
h‘^^{-,io) : W“(a;) — ^ V^{u]) such that h‘^{u,uj), N'^{u,uj) = o(||m||), ||(9/i®’™(ti,a;)|| < Kq for 
u G I/"’™(w), and 

XP{oj, ( 5 *) ={uo + ti® + N{u^,uq, g) : ^ ^*(^) H {u G X : ||tt|| < 5 *}} 

={uo + u'^^ + N^{u^^,uo,g) : G W“(a;) n {« G X : \\u\\ < 5 *}}. 

Now, by Lemma 3.6, there exists 6 > 0 such that for any {ui,g), {u2,g) G II with ||ui — U 2 II < 6 , 
one has X = V^{ui,g) © V'^^{u2,g). Consider the mapping Q{ui,U2,g) : X = V^{ui,g) © 
V^'^{u2,g) — )■ X : u = uf +^ 2 “ !->■ u'^ — u\. It is easy to know that Q(tti, tt 2 , 5 ) is an isomorphism. 
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Define Q{ui,U 2 ,g) : X = V%ui,g) © V^'^{u 2 ,g) X ■. u = u\ + u'^ ^ Q{ui,U 2 ,g){u\ + u™) + 
^cu(^cu^^ 2 ,gr) — h^{ul,ui,g) with lltifll < 6 *, Uti^ll < <5*- Noticing that Q{ui,U 2 , g)0 = 0 and 
cjo)! are small, let DuQ{ui,U 2 , g)v = + h'^{u'^, U 2 ,g)v^ 

ff G V^{ui,g), € V^'^{u 2 ,g) and v = vl+v^. Then there is a 5i > 0, such that for ||ui—U 2 II < 

DuQ{ui,U 2 , g) is a surjective map from X ^ X. By the implicit function theorem, there is 
a 62 > 0 such that, for any u € X with ||ii|| < <52 and ||tti — ti 2 || < 5i, one has a unique solution 
u = uf + with {ul,u^) G {V^{ui,g) D {ti G -^|||rr|| < 6 *},V'^'^{u 2 , g) fi {rx G -^|||rt|| < 5*}) 

satisfying Q{ui,U 2 , g)u = u. Particularly, for u = ui — U 2 with ||ui — tt 2 || < min{(5, (5i, (52}. That 
is ui+u\ + h^{ul,ui,g) = U 2 + ,U 2 ig)- □ 

Hereafter, we will focus on a spatially inhomogeneous minimal set M (Z X x H[f) for (1.2). 
Let (Ta be the S'^-action on xx G X induced by shifting x 

{aau){x) ■.= u{x + a)^ a G = M/27rZ. (3.19) 

Then SM := {uaU : a G S^,u G M}. Since the group is compact and connected, SM is a 
connected and compact invariant subset in X x H[f). So the Sacker-Sell spectrum, as well as 
the stable, unstable, center, center-stable, and center-unstable subspaces at each oj G SM, are 
well defined. 

Lemma 3.8. Let M be a spatially inhomogeneous minimal set of (3.1). Assume that dimP'^(a;) = 
1, or dimP'^(ti;) = 2 with dimH“(a;) being odd. Then 

z{ui{-) - U 2 (-)) = Nu, for any {ui,g), {u 2 ,g) G M with m / U 2 , 

where are as in Corollary 3.5. 

Proof. Fix (xxi, 5 r), {u 2 ,g) G M. We first claim that there is a sequence 00 such that 

g -tn^ g'^ and 

ip{tn,-',ui,g) ^ uf, ip{tn,-',U 2 ,g) ^ u^, (3.20) 

with uf G Sxx}". In fact, by taking a sequence tn —>■ 00 , we may assume that g ■ tn ^ g~^ and 
</?(tn, •; xxi, 5 ) ^ xx}", (/ 9 (t„, •; XX 2 , ( 7 ) — 7 > xx}". If xx}" G Sxx^, then the claim holds. If xx}" ^ Sxx}", then 
by Lemma 2.4 and the connectivity of 5^, there is an integer N such that 

{(p{t, --juf ,g~^) — (p{t, •; aaU 2 ,g~^)) = N, for all t G K and a G 5^. 

By the compactness of S^, one can hnd a Tq > 0 such that 

z{(p{t, •; ui,g) — if{t, •; aaU 2 ,g)) = N, for all t > Tq and a G 5^. 


As a consequence, 

? 7 Xi(t) := max(/ 9 (t, x; xxi, ( 7 ) 7 ^ m 2 (t) ;= max( 7 ?(t, x; XX 2 , g), for all t > To- 
xgSI a:e5i 
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Without loss of generality, we may assume that rriiit) > m 2 {t) for all t > Tq. For the above 
, let m'^ = maxlmaxa-g^i u(x) : {v,g^) G M} and be such that {u 2 ~^,g~^) G M with 
max^jg^i U 2 ~^{x) = Since M is minimal, one can take another sequence —)■ oo such that 

{<f{t+,-;u2,g),g-t'^) (u^+(-),5^). 

Without loss of generality, we assume that •; ui, ( 7 ) ^ Then, by the definition of 

m+, we must have 

maxui'"^(x) = maxttt'''(a;). (3-21) 

xeSi 

Suppose that ul~^ ^ Then, again by Lemma 2.4 and the connectivity of 5^, there is 

N'^ such that 

= iV+, V t G M, a G 

This contradicts to (3.21). Hence, ul~^ G and the claim is proved. 

Together with the claim and the connectivity of (5^ x 5^) \ {(a, a)|a G S”^}, it follows from 
Lemma 2.4 and (3.20) that there is a constant C such that 

z{ip{t,-]ahul,g^) - ip{t,-]aau^,g^)) = C, 

whenever t G M and a,b € with a^uf / (Taut ■ particular, 

z{ip{t, - ip{t, ■;aaU^,g^)) = C, (3.22) 

for any t G M, and a G 5^ with uf / aaU^ ■ Recall that uf = CaU^ for some a G 5^, the 
spatial inhomogeneity of M enables us to find some a* G sufficiently close to a such that 
^ ^a,U 2 ] and moreover, due to the translation-group action a on the semiflow, as well as 
the compactness and invariance of M, one has •; 5 ^) — </?(t, •; g(+)|| is sufficiently 

small uniformly for all t G M. This then implies that G {u^, g~^, 5*). Therefore, by 

virtue of Corollary 3.5, one obtains that 

z{u"[ - (Ja,U^) > Nu- 

Together with (3.22), we have C > N^. So 

z{ip{t, ■;uf,g^) - ip{t, ■■,aau^,g^)) > Nu, (3.23) 

for all t G M and a G with uf 7 ^ (JaU^ • 

We now will show that 


z{ip{t,-\ui,g) — ip{t, ■;U 2 , g)) > Nu, for t > 0 sufficiently large. (3.24) 

In fact, we note (3.20). If uf 7 ^ then (3.23) entails that z(uf(-) — n^(-)) > Nu and u)^(-) — 
u^(') can only have simple zeros; and hence, we have already obtained that z{(p{t, ■;ui, g) — 
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ip{t,-]U 2 ,g)) > Nu for t S> 1. If = U 2 , it then follows from Lemma 2.3(c) that there is an 
integer Nq such that -lui, g) — ■■,U 2 , g)) = Nq for all t sufficiently positive. Fix an 

no ^ 1 in (3.20), one can obtain a neighborhood B{e) of the unit e in the group such that 
z{ip{tno, -'jUi, g) — ip{tno, ■] ^aU 2 , g)) — ^0 ® ^ So, by Lemma 2.3(c) again, we have 

^0 > ■;ui,g) — ■;aaU 2 ,g)) for any t > tng and any a £ B{e). Note that there is at 

least some oq € B(e) such that uf ^ (Otherwise, aaU^ = uf = for any o € B[e), 

which implies that is spatially homogenous, a contradiction). Then, again by Lemma 2.4 
and (3.20), one obtains that z{^p{t,-;u\^,g~^) — (^(t, •; fTapU^, g'"'')) = constant < Nq. Combining 
with (3.23), we obtain that Nq > Nu- Thus, we have proved (3.24). 

Next, we will prove that 

z{ip{t, ■;ui, g) — ip{t, ■■,U 2 , g)) < Nu, for t sufficiently negative. (3.25) 

If ■■,ui,g)-ip{t, •;U 2 ,S')II 0 as t -oo, then ip{t, ■;u 2 ,g) £ ]VN'^{ip{t, ■■,ui,g),g ■t,6*) for 

all t sufficiently negative. By Corollary 3.5(3)-(4), it follows that (3.25) holds already. Hereafter, 
we assume that 

\\^p{t,■■,Ul,g) - ip{t,-;u 2 ,g)\\ ^ 0 as t ^-oo. (3.26) 

Similarly as the claim above, one may obtain a sequence Sn —>■ —oo such that g ■ Sn ^ g~ and 

Lp{sn,--,ui,g) ^ u{, ip{sn,-;u 2 ,g) ^ U 2 , (3.27) 

with Moreover, by repeating the similar argument as above, we can utilize the 

estimate of the zero-number z on in Corollary 3.5(3)-(4) to obtain 

z{(p{t, ■■,u];,g~) - ip{t, ■■,aaU 2 ,g~)) < Nu, (3.28) 

for all t € M and a £ with Ui ^ (TaU^ ■ 

So, if Ui 7 ^ U 2 , then (3.28) entails that z{u^{-) — u^(-)) < and u)~(-) — u^(-) can 
only have simple zeros; and hence, by (3.27) we have already obtained that z{ip{t, ■;ui, g) — 
ip{t, ■•,U 2 ,g)) < Nu for t sufficiently negative. For the case recall that \\ip{t, ■;ui,g) — 

ip{t, ■■,U 2 , g)\\ ^ 0 as t —>■ —00 in (3.26). Then we can still find an integer Nq such that 
z{ip{t, 'lui, g) — ip{t,--,U 2 ,g)) = Nq for all t sufficiently negative. Hence, one can repeat the 
similar argument immediately after (3.24) to obtain that Nq < Nu. Thus, we have proved 
(3.25). 

By virtue of (3.24) and (3.25), we have obtained 

z{ip{t,--,ui,g) - ip(t,-;u 2 ,g)) = Nu, V t € M, 

which completes the proof. □ 

For all u £ X, we write m{u) as the maximum of u on 5^, and define an equivalence relation 
on X by declaim u ~ u if and only if u = aaV for some a £ . The equivalence class is denoted 

by [u]. Then we have the following very useful Corollary. 
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Corollary 3.9. Let M be a minimal set of (3.1). Assume that M is spatially inhomogeneous 
and diml/'^(a;) = 1, or d\mV^{uj) = 2 with diml/“(a;) being odd. Then, for any g £ H{f) and 
any two elements {ui, g), {u 2 , g) in Mrip~^{g), one has: 

(i) z{g^{t,-]ui,g) - g^{t, ■] aaU 2 , g)) = Nu, for any a £ 5^ with aaU 2 7 ^ ui. 

(ii) If m{ui) < m{u 2 ), then m{(p{t, ■;ui,g)) < m((p{t, ■;u 2 ,g)), for all i £ M. 

(iii) m{ui) =m{u 2 ) {[ui],g) = {[u 2 ],g)- 

Proof, (i) can be obtained by repeating the same arguments in Lemma 3.8. 

(ii) Since m{ui) < m{u 2 ), it follows that ui 7 ^ o'aU 2 for any a £ S^. By virtue of (i), 


z{T{t,-]Ui,g) - ip{t, ■;aaU2,g)) = Nu, 


(3.29) 


for any a £ and t £ M. Suppose that there is a to > 0 (resp. to < 0)) such that 
m{u{to,-]ui,g)) > m{u{to,--U2,g)). Let K{t) = m{:p{t,-]Ui,g)) - m{<p{t,--,U2,g)), t £ M. Then 
K{t) is continuous for t £ M. Moreover, one has K{tf) <0 and K{to) > 0. So one can find a 
ti £ (0, to] (resp. ti £ [to,0)) such that m{:p{ti, ■;ui, g)) = m{:p{ti, ■;U 2 , g)). Hence, there exist 
some ao £ and xo £ such that ip{ti,xo-,ui,g) = m{(p{ti,--,ui,g)) = ip{ti,XQ + aQ]U 2 ,g) = 
‘p{ti,xo;aaoU 2 ,g) and ipx{ti,XQ-,ui,g) = 0 = ipx{ti,xo]aaoU 2 ,g). Then Lemma 2.3(b) implies 
that z{ip{t,--,ui,g) — ip{t,-;aaU 2 ,g)) must be dropped at t = ti, contradicting (3.29). 

(iii) Clearly, ([ni],g() = {[ 02 ], g) implies m(tti) = m{u 2 ). If m{ui) = m{u 2 ), then there exists 
some oo £ such that ui — (Taf,U 2 possesses a multiplier zero. So, we must have ui = (7aQU2 
(Otherwise, by (i), ui 7 ^ craQU 2 will imply that z{ip{t,-;ui,g) — ip{t, ■] aaoU 2 , g)) = Nu for all t; 
and hence, ui — craQU 2 possesses only simple zeros, a contradiction). Thus, ([mi],^) = {[u 2 ],g). 
We have completed the proof. □ 


Now we define by X the quotient space “X/ ~ ” of X. Then X is a metric space with metric 
dj^ dehned as d^([rt], [r’j) := dH{T,u,T,v) for any £ X. Here dH{U,V) is the Hausdorff 

metric of the compact subsets U,V in X, dehned as dH{U,V) = supjsupugjy infogy (ix(?iw)5 
sup^gy infogt/(ix(^iw)} where the metric dx{u,v) = ||ri — u||jv- It is clear that dx satishes the 
S'^-translation invariance that is dx{craU,aav) = dx{u,v) for any u,v € X and any a € S^. If 
we denote the metric on H{f) by dy, one has the product metric d on X x H{f) by setting 
d{{ui,gi), {U2,g2)) = dx('Wi,'W2)+dy(5'i, 52) for any two points {ui,gi), (^2,52) G XxH{f), then 
d is the induced metric on X x H{f) dehned as d{{[u],gi), (['y],52)) = dj^{[u], [u]) + dy(fl'i,52)- 
For any subset K C X x H{f), we write K = {([u],;^) £ X x H{f)\{u,g) £ K}. 

By virtue of Corollary 3.9, we consider the induced mapping H*, t > 0, as follows: 


hM X H{f) ^ X X Hif); 

{W],g) {T{t,-;[u\,g),g -t) := {[ip{t,-;u,g)],g -t). 


(3.30) 


Lemma 3.10. (i) H* is a skew-product semiflow on X x H{f); 
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(ii) If M is a minimal invariant subset in X x H[f) w.r.t. 11*, then M is a minimal invariant 
subset in X X H{f) w.r.t. II*. 

Proof, (i). For any ([m],^) € X x H{f) and any t,s>0, 

= {[ip{t + s,-]u,g)],g ■ (t + s)) = {[ip{s,--,ip{t,-]u,g),g ■t)],g- {t + s)) 

= {pis,-; [p{t, ■',u,g],g • i), (g ■ t) ■ s) = {if{s,--,fl\[u],g)), {g ■ t) ■ s) 

= U^{U\[u],g)). 

So, n* admits the cocycle property. Since M+ is a Baire space and X x H{f) is metrizable, 
it suffices to verify (see e.g., [4, Theorem 1]) the continuity of II with respect to each variable. 
Here we only show the continuity in ([m],^) € X x H{f). The continuity with respect to 
other variables can be proved similarly. Since H* is continuous on X x H{f), it follows that 
for any {uo,go) and any e > 0, there exists a d > 0 such that d{lP^{uQ, gQ),Il^{u, g)) < e for 
any {u,g) e X x H{f) with d{{uo, go), {u, g)) < 5. Fix (['Uo],5'o) € X x H{f), then for any 
i[u],g) e X X H{f) with d{{[uo], go), {[u], g)) < 6, one has Btt) + dY{go,g) < S. So we 

can hnd some a £ such that d{{uo,go), {aaU,g)) < 5, and hence, d{Il^{uo,go),Il^{aaU,g)) < e. 
Thus, we get (i(II*([no],5o))ff)) < £) which completes the proof of (i). 

(ii). Given any two points {[u], g), {[uq], g) £ M, by the minimality of M there exists a 
sequence +oo (as n —oo) such that 

n*"(uo,ffo) ^ («,5) (3.31) 

as n ^ oo. In order to show that H*"([tto], 50 ) ^ {[u],g) as n ^ 00 , it suffices to prove that 
dj^{[ip{tn, •; uq, 50 )]) M) — >■ 0 as n ^ 00 . To this end, it follows from (3.31) that ip{tn, ■',uo,go) — >• 
u in X. So, by the translation-invariance of G-group action, one has dx{(yap{in-, uq, go),crau) = 
dx{p{tn, ']Uo, go),u) ^ 0 as n —>■ 00 uniformly for a £ S^. Therefore, one has 

inf dxicraPitn,-',uo,go),'^bu) < dxicrap{tn,-',uo,9o),crau) ^ 0 (3.32) 

as n —>■ 00 uniformly for a £ S^. On the other hand, we know that 

inf dx{(7bp{tn,-',Uo,go),crau) < dx{cra(p{tn,--,Uo,go),crau) ^ 0. (3.33) 

feeSi 

Thus, from (3.32) and (3.33), Hausdorff metric dni'P'ig^itn, g)),'P‘u) ^ 0 as n —>■ 00 . Recall 
that 

dx{[p{tn,-;uo,go)], M) = dH{T.{(p{tn,-',uo,go)),^u). 

It entails that d^{[i.p{tn, -'jUo, go)], M) —>■ 0 as n —>■ 00 . We have proved that M is a minimal 
invariant set in X x H{f). □ 

Let p : X X H[f) —>■ H{f) be the natural projection and M be a spatially inhomogeneous 
minimal set of (3.1) with dimR‘^(a;) = 1, or dimF'^(a;) = 2 and dimF“(a;) being odd. By virtue 
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of Corollary 3.9(111), one can define an ordering on each fiber M Cip ^{g), with the base point 
g G H{f) as follows: 

{[u],g) <g i[v],g) if rn{u) < m{v). 

We also write the strict relation ([m],^) <g (['^1,5') if m{u) < m{v). Without any confusion, we 
hereafter will drop the subscript “ 5 ”. 

Lemma 3.11. “ < ” is a total ordering on each M rip~^{g), (g € H{f)) and W is strictly 
order preserving on M in the sense that, for any g G H{f), ([u],^) < (H,( 7 ) implies that 
n‘(M,5) < n*([u], 5 ) for all t > 0. 

Proof. This is a direct result of Corollary 3.9 (ii)-(iii). □ 

Let E C X X H{f) be a compact invariant subset of IT* which admits a flow extension. 
For each g G H{f), we define a fiberwise strong ordering “ <C ” on each fiber E r\p~^{g) as 
follows: ([tti],^) <C {[u 2 ],g) if there exist neighborhoods , A /2 C Erip~^{g) of ([tti], 5 ), ([^ 2 ], 5 ), 
respectively, such that ([ri|], 5 () < for all {[u*],g) G Afi {i = 1 , 2 ). 

Moreover, for each g G H{f), we call {[ui], g), {[U 2 ], g) forms a strongly order-preserving 
pair if ([rti],^), {[u 2 ],g) is strongly ordered on the fiber, say ([tti],^) <C {[u 2 ],g), and there are 
neighborhoods Ui of {[ui],g) {i = 1,2) in E respectively, such that whenever ([tt*],( 7 ), ([tt^],^) G 
Er\p~^{g), with n^([ri^],g() € Ui {i = 1,2) for some T < 0, then ([u^], 5 () ^ (['w^],'?)- 

The following lemma is essentially from [28] and will play an important role in our proof. 

Lemma 3.12. Let E be a minimal set of 11* which admits a flow extension and Y' be as in 
Lemma 2.1. Then for any g G Y', E rip~^{g) admits no strongly order preserving pair. 

Proof. One can repeat the arguments in [28, Theorem 11.3.1] to obtain this lemma. □ 

Now we are ready to prove Theorem 3.1. 

Proof of Theorem 3.1. (1) Let Yq = Y', where Y' is defined as in Lemma 2.1. By virtue of 
Lemma 3.10, we consider the induced invariant minimal set M for the skew-product semiflow 
n* on X X H{f). 

In order to prove the statement of Theorem 3.1(1), we first show that for any g gYq, there 
exists Ug G X such that MUp~^{g) C (TiUg,g). To this end, it suffices to prove that M r\p~^{g) 
is a singleton. Suppose that there are two distinct points {[ui], g), {[U 2 ], g) on M r\p~^{g) for 
some g G Yq. It then follows from Lemma 3.11 that ([tti],^) and {[u 2 ],g) is strictly order related, 
say ([mi],^) < {[u 2 ],g). Then, by the order defined before Lemma 3.11, we have m{ui) < m{u 2 ). 

We prove that ([tti],^) and {\u 2 \,g) are strongly ordered. In fact, let eo = fn{u 2 ) — m{ui). 
Because m{u) is continuous with respect to « G X, there is a <5 > 0 such that 

|m(i2) — m{ui)\ < ^ (resp. Im('u) — m{u 2 )\ < ^) (3.34) 
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for any {u,g) £ X x H{f) with dxiu,ui) < S (resp. dx{u,U 2 ) < For such <5 > 0 and 
i = 1,2, we define the neighborhoods A/i = {([ri*],^) £ M \dj^{[u*],[ui]) < <5} of {[ui],g). Then 
if i[u*],g) £ Mi, one can find some ai £ such that dxicTaiU*,Ui) <6. As a consequence, by 
(3.34), we have \m{aa^u*) — m{ui)\ < which implies that 

m{ul) = m{aaiul) < miaa^u^) “ y = "^('“ 2 ) “ y • (3-35) 

By the definition of order defined in M r\p~^{g), g £ H{f) it entails that {[u’l],g) < 

Thus we have shown that ([tii],g) <C {[u 2 ],g)- 

We now claim that, ([tti],( 7 ) and {[u 2 ],g) forms a strongly order preserving pair. Indeed, 
for each i = 1,2, we define a neighborhood Ui = {{[vi],h)\d{{[ui],g),{[vi],h)) < (5} of {[ui],g) 
in M. Given any {[u*],g) £ M fl p~^{g) with fl'"{[u*],g) £ Ui for some T < 0, we write 
n^([ri*], 5 () = {<p{T,[u*],g),g ■ T) £ U. So d^{p{T,[u*], g),[ui]) < 5 lor i = 1,2. Recall that 
m{ui) < m{u 2 ), one can repeat the arguments for proving (3.35) in the previous paragraph to 
obtain that m{p{T,u\,g)) < m{(p{T,U 2 ,g))- It then follows from the definition of the order 
dehned in the fiber M £^p~^{g ■ T) that ip{T, [ui],g) < p{T, [rt^], 5 ). Combining with the order¬ 
preserving property of 11*(t > 0) in Lemma 4.3, we obtain that 

{[ul],g) = [ul],g),g ■ T) < [u* 2 \,g),g- T) = ([u^],^). 

Thus, we have proved the claim. On the other hand. Lemma 3.12 implies that there exists no 
such strongly order preserving pair on M Op”*( 5 ), a contradiction. Thus, we have proved that 
for any g £ Yq, M rip~^{g) is a singleton. Thus, we have proved M Pip~^{g) C {TjUg,g) for some 

Ug £ X. 

Next, we will prove that M can be residually embedded into an almost automorphic forced 
flow on S'*. Let Yq be as above. For given g £Yq, let Ug be such that 

M np~^{g) = {[ug],g) (hence M r\p~^{g) = {T.Ug,g)) and Ug{0) = m{ug). (3.36) 

By Corollary 3.9(i) and the spatial inhomogeneity of M, it is also not difficult to see that 

Ug{d) 7 ^ 0 and Ug{x) < Ug{0) for any x £ (0,L), (3.37) 

where L £ (0, 27r] is the minimal period of Ug{x). 

By virtue of Corollary 3.9(iii), given any g £ Yq, the function t i-)- m^{t) := Ug.t{0) is almost 
automorphic in t] and moreover, u^(t,x) := Ug.t{x) is almost automorphic in t uniformly in x. 
Define a non-negative function t ^ it) >0 such that 

p{t,x-,Ug,g) =Ug.t{x + c^{t)), or equivalently, ip{t,x - (f{t)-,Ug,g) = Ug.t{x). (3.38) 

Since Ug{x) is L-periodic, one has p{t, x; Ug,g) is L-periodic in x; and hence, Ug.t{x) is L-periodic 
in X as well. So, for each t G M, we can choose c^{t) £ S* := M/LZ so that c®(t) is continuous 
in t. Indeed, suppose there is a sequence —>■ to such that |c^(to) — c^(tn)| > cq > 0 in 5*. 
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Without loss of generality, we assume c^{tn) —t c* with c* G So, c®(to) 7^ c* in 5^. On the 
other hand, by (3.38), one has Ug.t^ix + {to)) = Ug.tg{x + c*). This contradicts c^(to) 7^ c* with 

c^{to),c* G 5^, because L is the minimal period. So, the function t i-)- c^{t) G 5^ is continuous. 
By (3.38) and the definition of Ug.t{x), we observe that 

^x{t, -c^{t);Ug,g) = Ug.-t{0) = 0 

and 

^xx{t, {t)'i Ug, g) = Ug.f-{0) 7 ^ 0. 

Then by the continuity of c^{t) in t and Implicit Function Theorem, we have c^{t) is differentiable 
in t; and moreover, we have 


c^{t) = G{t,c^{t)), 


(3.39) 


where 


G{t, z) = gp{t, ip{t, -z; Ug,g), ipx{t, -z] Ug,g)) + 


^xxx{ti ZlUg,g) 

^xx{t, -z;ug,g) ’ 


for z G 5^. 


It is not difficult to see that G{t, z+L) = G{t, z) and G{t, z) is almost automorphic in t uniformly 
for z £ S^. Consequently, we have obtained that (3.39) is an almost automorphic forced equation 
on 5^. Thus, (1) directly follows from (3.38) and (3.39). 

(2) Note that Corollary 3.9 also holds for the case dimC'^(a;) = 1. Then one can repeat the 
same argument in (1) to obtain a residual invariant subset Yq C H{f) such that Mr\p~^{g) is a 
singleton for any g G Yq. In order to show Yq = H{f), we first note that, for any {uo,g) G SM, 
if a G 5^ is close to e, then 


\\ip{t,-]aaUo,g) — ip{t, ■■jUq, g)\\ is sufficiently small, for all t G M. 

It then follows that that aaUo G M^{{uo,g),6*) whenever a G 5*^ is close to e. Together with 
dimW(a;) = 1, one has 


A'Y{{uo,g),6*) C Suo, for any {uo,g) G BM. (3.40) 

Moreover, due to Corollary 3.5(3), one of the following two cases must occur: 

(A) : z{u{-) — uo{-)) > Nu, for u G M^{{uo,g),d*) \ {uq}; or otherwise 

(B) : z{u{-) - uo{-)) < Nu, for u G M'^{{uo,g),5*) \ {uq}- 

In the following, we will prove Yq = H{f) for case (A), and the proof for case (B) is analogous. 

Suppose that there exist g G H{f) \yo and {ui,g), {u 2 ,g) G M such that [ui] 7 ^ [^ 2 ]. Then it 
follows from Corollary 3.9(i) that z{ip{t, ■;ui,g) — p{t, ■;aaU 2 ,g)) = Nu for alH G M and a G 5^. 
Moreover, by the compactness of S^, there exists 5 > 0 (independent of a G 5^) such that 

z{ui — aaU 2 + u) = Nu for any a £ and ||u|| < 6. (3.41) 
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Fix some {u'^,g~^) € M with g'^ € Yq, then there exists a sequence tn ^ oo and some b £ 
such that g ■ tn ^ g~^, 


ip{tn, ■]ui,g) (p{tn, ■;u 2 ,g) abu^. 

Let U 3 = (T-b'U '2 S SM. Then ^p{tn, •; ui,g) —>■ u'^, ^{tn-, By virtue of Lemma 3.7, 

one can find some v* £ M^(cp(tn, ui, g), S*) n -'i ^ 3 , g), S*) for sufficiently large. 

We now claim that v* ^ M^(if{tn,-]U 3 ,g), 6 *). For otherwise, (3.40) implies that v* = 
o'a*</?(tn)’WS) 5 ) for some a* £ S^. Note also that v* £ •; ui, 17 ), 5*), then 

||cra*n 3 - Uill = ||(/j(-tn, ■]v*,g- tn) - 11 < Ce~ 2 ^^\\v* - ip{tn, ■;ui,g)\\. (3.42) 

As a consequence, by letting tn large enough, one has \\cra*U 3 — ni|| < min{(i*,€o}, where cq = 
|m(ni) — m(M 2 )| > 0. This contradicts to ||o'a*U 3 — ni|| > |m(ni) — m(n 2 )|. Thus, we have proved 
the claim. 

Recall that v* £ M^^{(p{tn, ■',U 3 ,g), 6 *). Then it follows from Remark 3.2 and (3.40) that there 
is some ao G such that n* G M*(o-ao</?(tn, • Ws, 9 ), <^*) with o-ao(^(t„, •; 7 x 3 , 5 ) G M^{ip{tn,-',U3,9),S*)- 
Since case (A) holds, we obtain z(v* — Ua^g^itn, •; 7 x 3 , 5 ')) > ^u, and hence, 

z{ip{-tn, ■■,v*,g ■ tn) - (JaoUs) > Nu- (3.43) 

On the other hand, one can deduce from (3.42) that ||(/?(—tru'W*!S' ‘ in) — 77 i|| < 6 , for tn 
sufficiently large. Here <5 > 0 is in (3.41). Then (3.41) implies that z{ip{—tn, -^v*, 9 -tn) — o'aoU 3 ) = 
z{ip{-tn, ■]v*,g- tn) -Ui + Ui- CFaoUz) = z{ui - cFaoUz) = z{ui - (Tao-bU 2 ) = Nu, Contradicting 
(3.43). Consequently, we have proved Yq = H{f). 

Therefore, one has M r\p~^{g) = {T,Ug,g) for any g £ H{f), where Ug is defined in (3.36). 

So, Ug.t{x) is almost periodic in t uniformly in x G <S^; and moreover, G{t,z) in (3.39) is almost 
periodic in t uniformly for z £ S^. Thus, we have completed the proof of Theorem 3.1. □ 

Proof of Theorem 3.2. (1) Suppose that dimF‘^(a;) > 2. Then there exists some integer A; G N 
such that the center space V‘^{oj) has an exponentially separated invariant splitting V‘^{uj) = 
kFfc(a;) 0 F(a;). Here Wk{uj) is a Floquet space with dimlTfc(a;) = 2 or 1, which is defined in 
Lemma 2.5. 

Since M is unique ergodic, M possesses a pure point Sacker-Sell spectrum. So, for any 
V £ V‘^{oj) \ {0}, one has 

lim = 0. 

X—^oo t 

In particular, limt_>.oo = 0 = lim^^oo ^ for any vi £ Wk{uj) \ {0}, V 2 £ 

F{u}) \ {0}. This contradicts the exponentially separated property between Wk(co) and F{uj). 
Therefore, we have obtained dimF'^(a;) < 2. 
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We then have either (i) dimy'^(a;) = 0 or dimy'^(a;) = 1 or (ii) dimy‘^(a;) = 2. Moreover, by 
Lemma 2.5 and the similar arguments in the previous paragraph, we must have dimlL“(a;) is 
odd provided that dimlL'^(a;) = 2 . 

(2) Since M is spatially homogeneous, the variational equation associated with any solution 
in M turns out to be as vt = Vxx + o,{t)vx + h{t)v with periodic boundary condition. Using 
the transform w = v{t,x + c(t)) (with c(t) = —a(t)), we get wt = Wxx + b{t)'w; and moreover, 
by using another transformation w = rce”-^o one obtains that wt = Wxx- So, it follows 

that the transform w = v{t,x + c{t))e~ ■l^o (and hence, v{t,x) = e-^o x — c(t))) re¬ 

sults in a simple equation wt = Wxx- Note that wt = Wxx possesses the simplest “sin-cos”-mode 
eigenfunctions as Wk{t, x) = sin 2 kTTx, 2k'Kx associated with the same eigen¬ 
value Afc = —(2/c7r)^, A: = 0,1, • • • . Then it yields that Vk{t,x) = b(s)ds ^{-^2k'K{x — 

c(t)), cos 2 A: 7 r( 3 : — c{t)). This immediately implies that, if V'^{ijj) ^ {0}, then 

dimU“(a;) must be odd. □ 

4 Almost Automorphic and Almost Periodic Minimal Flows 

In this section, we investigate the conditions under which a minimal set of (1.2) is almost 
automorphic or almost periodic in the case that / = f{t,u,Ux) (see Theorem 4.1). Moreover, 
we will also investigate the case that f{t,u,p) = f{t,u, —p) (see Theorem 4.2). 

Theorem 4.1. Let M be a minimal set of (1.2). 

(1) If M is spatially homogeneous, then it is an almost 1-cover of H{f). 

(2) If M is linearly stable, then M is spatially homogeneous; and hence, is an almost 1-cover 
ofHif). 

(3) If M is uniformly stable, then M is spatially homogeneous and is a 1-cover of H{f). 

(4) If M is hyperbolic (i.e., dimW(a;) = H), then M is a 1-cover of II{f). 

Proof. (1) Suppose that M is a spatially homogeneous minimal set of ( 1 . 2 ). Since / = f{t, u, Ux), 
M is also a minimal set of 

u = g{t,u), (4.1) 

where g{t,u) = g{t,u,ll) and g G II{f)- It then follows from [28] that M is an almost 1 -cover of 

H{f). 

(2) Suppose that M is spatially inhomogeneous. Then for any {u, g) G M, u is spatially 
inhomogeneous. 

Let T(t,u, (u,c/)) = {^{t,u,g)v,U^ {u,g)) be the linearized skew-product semiflow of M. By 
the exponentially separated property of the strongly monotone skew-product semiflows (see 
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e.g. [28, p.38]), there is a continuous invariant splitting X = Xi{u, g) ® X 2 {u, g) with Xi{u,g) = 
span{i;^(u, 5 )}, (f){u^g) € IntX"*" and X 2 {u,g) D X^ = { 0 } such that 

<^{t,u,g)Xi{u,g) = Xi{U\u,g)), g)X 2 iu, g) C X 2 iU\u,g)). 

Moreover, there are K,^ > 0 such that 


ll^(i,«,ff)|jV2(n,g)ll <Ke ^^\\^{t,U,v)\x®u,g)\\ 


(4.2) 


for any t > 0 and {u,g) € M. Since M is linearly stable, one has 


lim sup 

t^OO 


In ||d>(t,n,g)(?i>(u,ff)|| 
t 


< 0 . 


Given any {uo,go) £ M. Let v{t,x) = (px{t,x]Uo,go). Then ||u(t,-)|| is bounded. Moreover, 
one can find a ho > 0 such that ||u(t, •)|| > ho for all t. (Otherwise, there is a sequence —>■ 00 
such that ||r'(tn)')ll ^ 0 as n —>■ 00 , which entails that ipx{tn,x]u,g) —>■ 0 as n —>■ 00 uniformly 
in X € S^. Without loss of generality, we assume that -'jU, g), g ■ t^) —>■ {u*,g*) G M 

as n — 7 > 00 . Thus, u* must be spatially homogeneous, a contradiction.) Therefore, we have 
limi_>.oo = 0. Note also that v{t, •) = go)v{0, •). Then 


lim 

t^OO 


ln||d>(t,uo,ffo)u(0,-)|| 

t 


= 0 . 


(4.3) 


As a consequence, we have u(0, •) = a(j){uo,go) + 'il:{uo,g{)) for some a ^ 0 and 'ilj{uo,go) G 
-^2(^0, go)- It follows from (4.2) that v(t, ■) € IntA^ U (—IntX'*') for t sufficiently large, a 
contradiction to the periodic boundary condition. Therefore, M is spatially homogeneous; and 
hence, M is an almost 1-1 cover of H{f). 

(3) Since M is uniformly stable, it then follows from Lemma 5.4 that M is linearly stable. 
By (1), M is almost 1-1 cover of H{f). Note that the uniformly stability of M also implies that 
it is distal. Therefore, M is 1-cover of H{f). 

(4) Since dimW(a;) = 0 , M must be spatially homogeneous. Otherwise, by (4.3), it is easy 

to see that dimG'^(a;) >1. As a consequence, M is a hyperbolic minimal set of (4.1). By [25], 
M is a 1-1 cover of H{f). □ 


In the following, we will consider the structure of the minimal set M for the case f{t,u,p) = 
f{t,u,-p). 

Theorem 4.2. Assume that f{t,u,p) = f{t,u,—p). Then any minimal set M of (1.3) is an 
almost 1-cover of H{f). 

Moreover, XI is a 1-cover of H{f), if one of the following alternatives holds: 

(i) M is hyperbolic; 

(ii) diml/^(u;) = 1 and M is spatially inhomogeneous. 
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Before proving Theorems 4.2, we present some lemmas. For convenience, we also write in the 
following the solution as in the context without any confusion. 

Let M be a minimal invariant set. For each g € H{f) and any {u,g), {v,g) G M r\p~^{g), we 
write 

{u,g) there is a T > 0 such that {ip{t]u,g) — ip{t]v,g)){xo) < 0 for all t>T. 

Here xq G 5*^ is a fixed point. Since f{t,u,p) = f{t,u, —p), it follows from [3, Theorem B] that 
there is an xq G such that “<g” is a partial order on the fibre M ri p~^{g), which means that, 
if {u,g) <g {v,g) and {v,g) <g {u,g), then {u,g) = {v,g). 

As usual, we say 

{u,g) <g {v,g) {u,g) <g {v,g) and u / u. 

We also call {u, g) <^g {v, g) if there exist neighborhoods A/i, M 2 of {u, g) and (u, g), respectively, 
such that {ui,g) <g {vi,g) for any {ui,g) G A/i,z = 1,2. 

Lemma 4.3. Assume that f{t,u,p) = f{t,u,—p). Then for any g G H{f) and {u, g), {v, g) G 
M f^p~^{g), one has 

(i) (u, g) <g {v, g) if and only if there exists some T > 0 such that 

{(fit; u, g) - ip{t; v, g))(xo) < 0 for all t > T. 

(ii) is a total ordering on M i^p~^{g)- 

Proof, (i) The sufficiency is obvious. If {u,g) <g {v,g), then u ^ v and there exists a T > 0 
such that {ip{t;u,g) — p{t-,v, g)){xo) < 0 for all t > Tq. Choose a larger T > 0, if necessary, 
one may also assume that p{t, ■;u,g) — pit, ■;v,g) only possesses simple zeros for each t > T. 
Then [3, Theorem B] immediately implies that {ip{t;u,g) — ip(t;v, g)){xo) < 0 for all t > Tq. 

(ii) Given any two distinct {u, g), {v, g) G p~^{g) H M, one may find a T > 0 such that 
ip{t,-\u,g) — ip{t,-]v,g) only possesses simple zeros for each t >T. Without loss of generality, 
we assume that {(p{T]u,g) — ip{T;v, g)){xo) < 0. Then we have {ip{t]u,g) — ip{t;v, g)){xQ) < 0 
for all t > T. Otherwise, one can find a tQ > T such that {p{tQ;u,g) — p{tQ]v, g)){xQ) = 0. 
Together with [3, Theorem B], we get a contradiction. □ 

Lemma 4.4. If M is almost 1-1 cover of H{f), then M is 1-1 if and only if for any g G H{f), 
there exists u € X sueh that M r\p~^{g) C {TjU,g). 

Proof. We only need to prove the sufficiency part. Suppose that M is not a 1-1 cover. Then 
there exists some g G H{f) with two distinct points {vi, g), {v 2 , g) G M rip~^{g). By our 
assumption, we have cTaVi = V 2 for some a € . Choose some other g* G H{f) with M n 

P~^{g*) — T g*)}- The minimality of M implies that one can a sequence tn ^ 00 such 
that n*"(ui,g') ^ {w*,g*), and hence, n*"(u 2 ,ff) = { 0 -^x 1 , g) —> {aaW*,g*). This entails that 

aaW* = w* (because Mnp~^{g*) = {(rc*, g'*)}). On the other hand, one can also choose another 
sequence —)■ 00 such that H^"(re*,g'*) —)■ {vi,g). So n®"(cjar(;*,g'*) —>■ (craUi,^). Recall that 
aaW* = w* , one has aaVi = vi. Thus we obtain that V 2 = vi, a contradiction. □ 
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Proof of Theorem 4-2. Let Yq be the invariant residual set in Lemma 3.12. Suppose that there 
exists some go G Yq such that card(M np“^(5o)) > 1- Then we define 


Z{go) ■■= 


min 

{u^,go), (M^5o) e M np-^{go) 


inf ■]u^,go) - T{t, 


(4.4) 


By virtue of the definition and Lemma 2.3(c), there exist {u^,go), {u^,go) ^ M Pip ^(go) and 
some T > 0 such that 


Zigo) = z{tp{t,-;u^,go) - (p{t,-;u^,go)) for alH > T. (4.5) 

By Lemma 4.3(ii), we can assume without loss of generality that {u^,go) <go {vf,go), and hence, 
{(p{t]u^,go) - (p{t-,u^,go)){xo) < 0 for all t > T. 


Now we first claim that {u^,go) <CgQ {'u?,go). Indeed, fix the T > 0 in (4.5), it then follows 
from the continuity of z that there are neighborhoods A/i, A /2 of {u^,go), {u^,go) in M respectively 
such, tldctt 

(i) . z{ip{T,-;u^,g)-ip{T,-,u^,g))=Z{go); 

(ii) . {p{T-,u^,g) - Lp{T]v?,g)){xQ) 

for all {u\g) G //i{i = 1, 2). Let A/) = JYi Pp~^{go), {i = Ij 2). Then one has 

(i) . z{(p{T,-;u^,go) - (p{T,-;u^,go)) = Z{go); ,. 

(ii) . {(p{T;u^,go) - p{T;u^,go)){xo) <0 

for all {vh,go) G Ni{i = 1,2). Suppose that there are some (ti®,g(o) £ A/i(/ = 1,2) with 
{ip{Ti\u^ ,go) — ip{Ti;u'^, go)){xo) > 0 for some Ti > T. Then, from (4.7)(ii), one can find some 
T 2 G (T, Ti] such that {p{T2]vf ,go) — t{T2',u‘^ , go)){xo) = 0. Recall that xq is the minimum 
point of any element in M (by [3, Theorem B]), then ipxiT 2 ; , go){xo) = 0 = ipx{T 2 ',u^, go){xo). 
Thus, xo is a multiple zero of the function p{T 2 , •; 50 ) ~¥^(T 2 , •; ,go). So, by virtue of (4.7)(i) 

and Lemma 2.3(b), 

Z{go) = z{tp{T,-]v} ,go) - ip{T,-;u^,go)) > z{(p{Ti, ■;u^, go) - p{Ti, ■;u^, go)), 


which contracts the minimum definition of Z{go) in (4.4). As a consequence, {ip{t;u^,go) ~ 
p{t] vf, go)){xo) < 0 for all t > T and {u\go) G A/i(i = 1,2). This implies, by Lemma 4.3(1), 
that {u^,go) <go (^^jfi'o) for all {v4,go) G A/i(i = 1,2). Thus we have proved the claim, i.e., 
(M^5'o) <90 iu^^m)- 

Moreover, we will prove that {vf, go), {vf, go) forms a strongly order-preserving pair. To 
this end, we recall the neighborhoods Mi,4^2 obtained above. Let {u\go) G M Pp~^{go) with 
n*'’(rt*, g'o) G Mi{i = 1,2) for some —T < to < 0. Then it follows from (4.6) and the cocycle 
property of p that 

(i) . z{<f{T+ to,--,M,go) - (p{T+ to,--,M,go)) ^ Z{go); . 

(ii) . {(p{T+ to-,M,go)-T{T + to-,M,go)){xo) <0. 
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By the same arguments as above, one has , gQ)){xQ) < 0 for all t>tQ + T, 

which implies that {u^^go) <gQ {u'^,go)- Thus, {u^,go), {u'^,go) forms a strongly order-preserving 
pair, contradicting Lemma 3.12. So, M is an almost 1-1 cover of H{f). 

Finally, we will show that M is a 1-1 cover of H{f) under the assumption (i) or (ii). 

(i) Assume that M is hyperbolic. Then this is a special case of Theorem 4.1(3). 

(ii) Assume that M is dimF'^(a;) = 1 and spatially inhomogeneous. Then it follows from 

Theorem 3.1(2) that, for any g e H{f), there is a u € A, such that M ^p~^{g) Cl {{T,u,g)}. 
Recall now that M is almost 1-1 cover of H{f). Then Lemma 4.4 immediately implies M is 
1-cover of H{f). We have completed the proof. □ 

5 Embedding Property of Minimal Sets in the General Case 

In this section, we focus on the embedding property of minimal set of general spatially-dependent 
almost-periodic system (1.1) with the smooth (say C^) nonlinearity / = f{t,x,u,Ux)- The 
following two Theorems are our main results in this section. 

Theorem 5.1. Let M C X x H{f) be a minimal invariant set o/II*. Assume that M is stable 
or linearly stable. Then there is an invariant and residual set Yq C H{f) such that the flow 
{M is topologically conjugate to a skew-product flow on some M C x Iq- 

Theorem 5.2. Let 0~^{u, g) he a uniformly stable forward orbit in X x H[f). Then the flow on 
its uj-limit set lo{u, g) is topologically conjugate to a skew-product flow on some M C x H{f). 

Remark 5.1. Theorems 5.1-5.2 have generalized the result of Terescak [29] to time almost- 
periodic systems. 

In order to prove the Theorem 5.1, we first prove the following two lemmas: 

Lemma 5.3. Let M d X x H{f) be a minimal set ofifl which is linearly stable. Then there is 
an invariant and residual set Yq d H (/) such that for any g &Yq and any two distinct elements 
{v, g), (w, g) € M d p~^{g), one has 

z{ip{t, ■■,v, g) — ip{t,'iw, g)) = constant, foralltGR. (5-1) 

Proof. Since K is linearly stable, it follows from [28, Theorem 11.4.5] that there exist some integer 
N > 1 and some invariant residual set Yi d H{f) such that, for each g G Yf, card(M r\p~^{g)) = 
N. Let Yq = YidY' where Y' is defined as in Lemma 2.1. Clearly, Yq is residual in Y. Then, 
for any g € Yq and any {v,g), {w,g) G M dp~^{g) with v ^ w, there is a sequence —>■ -|-oo 
as n —>• oo and {{vn,g)} d Mr\p~^{g) such that n'^'‘(t(;,g') —>• {w,g) and IY^{vn,g) —> iv,g) 
as n —>■ oo. Recall that card(M np“^( 5 :)) = N < oo for each g G Iq- One may assume without 
loss of generality that Vn = vi for all n > 1. Consequently, one obtains IY’^{vi,g) {v,g) as 
n —)• oo. Thus, Lemma 2.4 implies the conclusion. □ 
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Lemma 5.4. Let M C X x H{f) be a minimal invariants set of the skew-product semiflow (1.3) 
generated by (1.2). If M is stable, then M is linearly stable. 

Proof. Assume that K is stable. Then for any {uo,g) G K, one has 

\\p{t,-',ui,g) - (p{t,-;uo,g)\\ for t > 0, (5.2) 

whenever tti G X with ||ni—uo|| being sufficiently small. Letn(t,x) = ip{t,x]Ui, g)—ip{t,x]Uo, g). 
Then v satisfies 

vt = Vxx + a{t,x)vx-\-b{t,x)v, X G 


where 


and 


Let 


and 


a{t,x) = / d4g{t,x,(p{t,x-,uo,g),(Pxit,x;uo,g) + s{(px{t,x-,ui,g) - ipx{t,x\UQ,g)))ds 

h{t,x) = / d 3 g{t,x,g){t,x-UQ,g) + s{(p{t,x-,ui, g) - ip{t,x-,uo,g)),ipxit,x-,ui,g))ds. 
Jo 

1 

O'oit) = TT I a{t,z)dz, 

Jo 


'if{t, x) = exp ^ j {a{t, z) - ao{t))dz 
Let v{t,x) = ijj{t,x)v{t,x). Then v satishes 

vt = Vxx + ao{t)vx-\-b{t,x)v, X G S'^ 


where 

1 1 1 
b{t, x) = b{t, ^) + 2 y “ Mt)]tdz - -{aoitf - a{t, xf) - -a^it, x). 

Let also v{t,x) = v{t,x + c{t)), where c{t) = —ao{t). Then v satisfies 

vt = Vxx+ b{t,x)v, xeS^, 

where h{t,x) = h{t,x + c{t)) (see [8] for the transformations). 

One can also consider the solution v^{t,x) of the variational equation 


Vt = Vxx + a°(L x)vx + &°(t, x)v 


with x^(0,x) = 1, where 


a°(t,x) = d 4 ,g{t,x,g>{t,x-uo,g),ipx{t,x-,uo,g)) 


(5.3) 
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and 


b°{t,x) = d3g{t,x,ip{t,x]Uo,g),ipx{t,x;uo,g))). 

By the similar transformations as above, we can also obtain that vo{t,x) satishes 

vt = Vxx+ b^it,x)v, X e 
with b^{t, x) = bP{t, X + c°(t)), where 

b°{t,x) = b°{t,x) + \ - a'^{t)]tdz - - aP{t,xf) - ^a°(t,x) (5.4) 

with (P{t) = —aQ(t) and ao(t) = ^ a^{t, z)dz. 

By (5.2), it is clear that \a{t,x) — a°(t,a:)| and \b{t,x) — b^{t,x)\ are sufficiently small for 
any t > 0, whenever the initial value ||rii — mo|| is sufficiently small. Moreover, by a priori 
estimates for parabolic equations, one can obtain that \at(t, x) — a^(t, x)\ and |aa;(t, x) — a^it, a:)| 
are sufficiently small for any t > 0, provided that the initial value ||rio — "WiHcsisi) is sufficiently 
small. 

So, for any e > 0, one can choose some ui € X with ui — uq € IntX+ and ||tto — 
sufficiently small such that 

b{t, ■) — e < bP{t, •) < b{t, •) + e, for t > 0, 

where b{t, ■),b^{t, ■) are defined in (5.3)-(5.4). Hence, 

b(t, •) — e < b^(t, •) < b{t, •) + e, for t > 0. (5.5) 


As a consequence, 

-Ce-^^v{t, •) < v^{t, •) < Ce^^v{t, •) Vf > 0, 

where C > 0 is such that —Cv{0, •) < i;‘^(0, •) < Cv{0, •). Observe also that ||i;(t,x)|| is bounded 
for all f > 0. It then follows that 


lim sup 

t—>-oo 


ln|| 4 >(f,^o,g)|| 

t 


< e. 


By arbitrariness of e, we have Xk < 0. 


□ 


Proof of Theorem 5.1. Due to Lemma 5.4, we only need to consider the case that M is linearly 
stable. Fix some xq € 5^, we define the following mapping: 

X : M(C X X H{f)) —^ X H(/); {v,g) i— {v{xo),Vx{xo), g). (5.6) 

Clearly, x is continuous and onto x{M) C x H{f). Moreover, we can obtain that ^ 

is injective, where Yq C H{f) is defined in Lemma 5.3. In fact, choose any g ^ Yq and two 
distinct elements {v, g), {w, g) G Mnp~^(g). It then follows from Lemma 5.3 that z(y5(t,-;t!,gr) — 
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= constant for all t G M. So, v — w G X possesses only simple zero. Therefore, 
{v{xo),Vx{xo)) + {w{xo),Wa:{xo)), whlch implies that x{v,g) + and hence, xl^np-icYo) 

is injective. 

Let M = {xiv,g) G xi^) : g G Tq} C x To- Since ^ is injective and onto M, 11* 

naturally induces a (skew-product) flow 11* on M as: 

^\x{v,g)) =x{g^{tG]v, 9 ),g-t) for any G M. (5.7) 

We will show that the map (xlJ^^|-|p-l(yjJ))~^ is also continuous from M to Mnp“^(Tb)- Indeed, let 
X{v"',g"') X{v,g) in M (that is, {v^( xq), (xq), g^) {v{xo),v^{xo), g) with g^ ^ g in Yq). 

By the compactness of M, one may assume without loss of generality that {v'^, g'^) {w, g) G M. 

This then implies that (v{xq),Vx(xo)) = {w{xq),Wx{xq)). Recall that {v,g),{w,g) G M with 
g G To- Suppose that v ^ w. Then Lemma 5.3 implies that v — w possesses only simple zero, a 
contradiction. Consequently, v = w, and hence, (n"',^"’) ^ iv,g) G M. Thus, we have proved 
(x|^np-i(y is continuous from M to Mr]p~^{Yo). By virtue of (5.7), (M n p“^(yb)) n*) is 
topologically conjugate to the flow (M,n*) on x Yq. □ 

Proof of Theorem 5.2. Since (L7(/),M) is minimal and distal, the cj-limit set uj{u,g) of the semi¬ 
orbit 0 ^{u,g) for the skew-product semiflow 11* is a minimal set which admits a distal flow 
extension (See [28, Theorem 11.2.8]). It then follows from [28, Theorem 1.2.6] that the residual 
set To = H{f). So, it follows from Theorem 5.1 that uj{u,g) is topologically conjugate to a 
skew-product flow on some M C x H(f). □ 
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